Odds and ends on finite group actions and traces by Illusie, Luc & Zheng, Weizhe
ar
X
iv
:1
00
1.
19
82
v3
  [
ma
th.
AG
]  
2 N
ov
 20
11
Odds and Ends on Finite Group Actions and Traces
Luc Illusie∗ and Weizhe Zheng†
Abstract
In this article, we study several problems related to virtual traces for finite group
actions on schemes of finite type over an algebraically closed field. We also discuss appli-
cations to fixed point sets. Our results generalize previous results obtained by Deligne,
Laumon, Serre and others.
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0 Introduction
Let k be an algebraically closed field of characteristic p, and let X be a k-scheme, separated
and of finite type, endowed with an action of a finite group G. If ℓ is a prime number 6= p, G
acts on H∗(X,Qℓ) (resp. H
∗
c (X,Qℓ)), and, for s ∈ G, we can consider the virtual traces
tℓ(s) :=
∑
(−1)i Tr(s,H i(X,Qℓ)),(0.1)
tc,ℓ(s) :=
∑
(−1)i Tr(s,H ic(X,Qℓ)).(0.2)
These are ℓ-adic integers. Several natural questions arise:
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(a) Is tℓ(s) (resp. tc,ℓ(s)) an integer independent of ℓ?
(b) Do we have tℓ(s) = tc,ℓ(s)?
(c) Under suitable assumptions on the action of G (freeness, tameness), can one describe
the virtual representation
(0.3) χ(X,G,Qℓ) =
∑
(−1)i[H i(X,Qℓ)]
(and its analogue with compact supports) in the Grothendieck group RQℓ(G) of finite
dimensional Qℓ-representations of G, where [−] denotes a class in RQℓ(G)?
(d) How do the numbers tℓ(s) (resp. tc,ℓ(s)) compare with the similar ones defined using
other cohomology theories (rigid, for example, if p > 1, or Betti, when k = C)?
These are old questions, and for some of them, partial answers were obtained long ago.
Recent work of Serre ([Ser07], [Ser09], [Ser10]) has revived interest in them. The purpose of
this paper is to collect answers and discuss some applications.
For s = 1, tℓ(s) (resp. tc,ℓ(s)) is the Euler-Poincare´ characteristic χ(X,Qℓ) (resp. χc(X,Qℓ)).
By Grothendieck’s trace formula, χc(X,Qℓ) is an integer independent of ℓ, and it is known, by
a theorem of Laumon [Lau81], that it is equal to χ(X,Qℓ). In § 1 we show that, for all s ∈ G,
tℓ(s) = tc,ℓ(s). Actually, we establish a relative, equivariant form of Laumon’s theorem. In § 2
we generalize this to Deligne-Mumford stacks of finite type over a regular base of dimension
at most 1 under an additional hypothesis. We also give an analogue for torsion coefficients.
By a theorem of Deligne-Lusztig [DL76, 3.3], tc,ℓ(s) is an integer t(s) independent of ℓ.
In § 3 we deduce vanishing theorems for t(s), s 6= 1, and prove a generalization (3.8) of a
divisibility theorem of Serre [Ill06, 7.5].
The vanishing theorem 3.3 for free actions was shown by Deligne [Ill06] to hold more
generally under a certain tameness assumption. In § 4 we consider actions of G on X that
are not necessarily free. Using Vidal’s groups K(Y )0t ([Vid04], [Vid05]) we define a notion of
virtual tameness for the action of G, and establish in this case a formula (4.11) for χ(X,G,Qℓ)
(0.3) as a sum of certain induced characters. This is an algebraic analogue of a formula of
Verdier [Ver73].
In § 5 we consider Berthelot’s rigid cohomology with compact supportsH∗c,rig(X/K) (where
K is the fraction field of W (k)) and, for s ∈ G, the corresponding virtual traces
tc,rig(s) =
∑
(−1)i Tr(s,H ic,rig(X/K)).
We show that tc,rig(s) = t(s). The proof uses de Jong’s alterations to reduce to the case where
X/k is projective and smooth, in which case this equality was known.
A corollary of the vanishing theorems of § 3 is that, if G is an ℓ-group, then χ(X) is
congruent to χ(XG) modulo ℓ (6.1), where XG denotes the fixed point scheme. When X
is mod ℓ acyclic, i.e. H∗(X,Fℓ) = H
0(X,Fℓ) = Fℓ, one can say more: X
G is also mod ℓ
acyclic. This is an analogue of a well known theorem of P. Smith [Smi38]. Here ℓ may be
equal to p. This analogue is established by Serre [Ser09, 7.5]. In § 6 we give a different proof,
based on equivariant cohomology H∗G(X,Fℓ), for G cyclic of order ℓ, in the spirit of Borel
[Bor55]. However, in contrast with the method in [Bor55], we give a shortcut, exploiting the
graded module structure of H∗G(X,Fℓ) over the graded algebra H
∗(G,Fℓ). The key point is
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that the restriction homomorphism H∗G(X,Fℓ)→ H
∗
G(X
G,Fℓ) is injective and its cokernel has
bounded degree. This was inspired by localization theorems of Quillen [Qui71, 4.2, 4.4] and
of Borel-Atiyah-Segal, cf. [Hsi75, III § 2], [GKM98, § 6]. We also prove, along the same lines,
that if X is a mod ℓ cohomology sphere, then so is XG (6.11). Finally, in § 7 we prove an
analogue of one of Quillen’s theorems [Qui71, 4.2].
In a future paper [IZ11], we will prove analogues of other main theorems of Quillen [Qui71,
2.1, 6.2] on the structure of the mod ℓ equivariant cohomology ring.
1 An equivariant form of a theorem of Laumon on Euler-
Poincare´ characteristics
1.1. Fix a field k of characteristic p, an algebraic closure k of k, a prime number ℓ 6= p, an
algebraic closure Qℓ of Qℓ. Let X be a k-scheme, separated and of finite type. If X is smooth,
Poincare´ duality implies
(1.1.1) χ(X,Qℓ) = χc(X,Qℓ).
It is known, by a theorem of Laumon [Lau81], that (1.1.1) holds more generally without the
smoothness assumption onX. Laumon also established a relative version of this result [Lau81,
1.1]. We refer the reader to the abstract of [Lau81] for a history of Laumon’s theorem. In this
section, we generalize the relative form of Laumon’s theorem to the equivariant situation.
1.2. Let X be a k-scheme, separated and of finite type, endowed with an action of a finite
group G (G acting trivially on Speck). In the sequel, unless otherwise stated, groups are
supposed to act on the right. We denote by Dbc(X,G,Qℓ) the category of G-equivariant ℓ-adic
complexes defined in [Zhe09, 1.3], and K(X,G,Qℓ) the corresponding Grothendieck group.
For L ∈ Dbc(X,G,Qℓ), we denote by [L] its class in K(X,G,Qℓ). Following Laumon [Lau81],
we denote by K∼(X,G,Qℓ) the quotient of K(X,G,Qℓ) by the ideal generated by the image
of [Qℓ(1)Spec k]− 1, and by x
∼ the image in K∼(X,G,Qℓ) of an element x of K(X,G,Qℓ).
Passing from K to K∼ destroys a lot of arithmetic information. For example, the function
x 7→
(
Tr(−, xk), (s, g) ∈ G×Gal(k/k) 7→ Tr(sg, xk)
)
from K(Spec(k), G,Qℓ) to the set of
continuous functions from G × Gal(k/k) to Qℓ does not pass to the quotient, as the case
where G = {1} and k = Fq trivially shows. However, not all is lost. For example, if k is a
local field (fraction field of an excellent henselian discrete valuation ring), with residue field
k0, then the restrictions of these trace functions to G × I, where I is the inertia group, pass
to the quotient.
Recall [Zhe09, 1.5] that, for an equivariant map (f, u) : (X,G) → (Y,H), we have exact
functors
Rf∗ : D
b
c(X,G,Qℓ)→ D
b
c(Y,H,Qℓ), Rf! : D
b
c(X,G,Qℓ)→ D
b
c(Y,H,Qℓ),
inducing homomorphisms
f∗ : K(X,G,Qℓ)→ K(Y,H,Qℓ), f! : K(X,G,Qℓ)→ K(Y,H,Qℓ),
and
f∗ : K
∼(X,G,Qℓ)→ K
∼(Y,H,Qℓ), f! : K
∼(X,G,Qℓ)→ K
∼(Y,H,Qℓ)
by passing to the quotients.
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The following is a generalization of Laumon’s theorem [Lau81, 1.1]:
Theorem 1.3. Let (f, u) : (X,G) → (Y,H) be an equivariant map between k-schemes sepa-
rated and of finite type, endowed with finite group actions. Then, for any x ∈ K(X,G,Qℓ),
we have
f∗(x
∼) = f!(x
∼)
in K∼(Y,H,Qℓ).
In particular, taking Y = Spec k, f : X → Y the structural morphism, H = G, u = Id, we
get:
Corollary 1.4. Assume k algebraically closed. Let χc(X,G,Qℓ) (resp. χc(X,G,Qℓ)) be the
image of RΓc(X,Zℓ) (resp. RΓ(X,Zℓ)) in the Grothendieck group RQℓ(G) = K(Spec k,G,Qℓ)
of finite dimensional Qℓ-representations of G, i.e.
χc(X,G,Qℓ) =
∑
(−1)i[H ic(X,Qℓ)]
(resp.
χ(X,G,Qℓ) =
∑
(−1)i[H i(X,Qℓ)]).
Then we have
(1.4.1) χc(X,G,Qℓ) = χ(X,G,Qℓ).
In other words, with the notations of (0.1) and (0.2), for s ∈ G, we have:
(1.4.2) tℓ(s) = tc,ℓ(s).
For Y = Spec k and H = {1}, we get:
Corollary 1.5. Assume k algebraically closed. Set
χG(X,Qℓ) =
∑
(−1)i dimH iG(X,Qℓ),
χc,G(X,Qℓ) =
∑
(−1)i dimH ic,G(X,Qℓ),
where H iG(X,Qℓ) = R
if∗Qℓ (resp. H
i
c,G(X,Qℓ) = R
if!Qℓ) is the equivariant cohomology of
X/k with no supports (resp. with compact supports). Then we have:
(1.5.1) χc,G(X,Qℓ) = χG(X,Qℓ).
By definition, the number in (1.5.1) is the Euler-Poincare´ characteristic of the Deligne-
Mumford stack [X/G].
Remark 1.6. (a) If X is smooth, Poincare´ duality implies tℓ(s) = tc,ℓ(s
−1). Thus, in this
case, (1.4.2) follows from the fact that tc,ℓ(s) is an integer, which is a result of Deligne and
Lusztig [DL76, 3.3]. See 3.2.
(b) Recall that the action of G on X is admissible if X is a union of G-stable open affine
subschemes (cf. [SGA 1, V 1]), which implies that X/G exists as a scheme, is separated and
of finite type, and the projection π : X → X/G is finite. In this case, (1.5.1) brings no new
information as it boils down to the original form of Laumon’s theorem. Indeed, one has
χc([X/G],Qℓ) = χc(X/G,Qℓ)
and similarly with χ (cf. [Zhe09, 1.7 (a)]).
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Finally, here is an application to local fields, coming from [Vid04, 4.2]:
Corollary 1.7. Let K be the fraction field of an excellent henselian discrete valuation ring
of residue field k, K an algebraic closure of K. Let η1 be a finite, normal extension of
η = SpecK, with κ(η1) contained in K, and X/η1 a scheme separated and of finite type. We
assume that a finite group G acts on X → η1 by η-automorphisms. Let I be the inertia group
of η. Then, for (s, g) ∈ G× I such that s and g induce the same automorphism of η1/η,
(1.7.1) Tr((s, g), RΓ(XK ,Qℓ)) = Tr((s, g), RΓc(XK ,Qℓ)),
and this ℓ-adic number is an integer independent of ℓ.
By base change to the maximal unramified extension ofK, we may assume the residue field
separably closed. We apply 1.2 to the projection f : X → η1 and 1 ∈ K(X,G,Qℓ), observing
that the group K(η1, G,Qℓ) (= K
∼(η1, G,Qℓ)) can be identified with the Grothendieck group
RQℓ(Γ) of continuous Qℓ-linear representations of Γ = G×Aut(η1/η)Gal(K/K). We get (1.7.1).
The last assertion is proven in [Vid04, 4.2] when the action of G on X is admissible. The
general case follows by induction since X has an affine G-stable dense open subset. When the
residue field is finite, it also follows from [Zhe09, 1.16].
Proof of 1.3. Factorizing (f, u) into
(X,G)
(f,IdG)
−−−−→ (Y,G)
(IdY ,u)
−−−−→ (Y,H)
and applying the formula R(IdY , u)∗ ≃ R(IdY , u)! [Zhe09, 1.5 (ii), (iii)], we may assume
G = H, u = Id. By Nagata’s compactification theorem ([Con07], [Lu¨t93]) and de Jong’s
construction in [dJ96, 7.6], we can find (cf. [Zhe09, 3.7]) a G-equivariant compactification
f = gj, where g : Z → Y is proper and j : X → Z is a dense open immersion. Let i : Z−X → Z
be a complementary closed immersion. As in Laumon’s proof, we are then reduced to showing
that for any x ∈ K(X,G,Qℓ), the image of i
∗j∗x in K
∼(Z − X,G,Qℓ) is zero. Therefore,
changing notations, to prove 1.2 it suffices to establish the following (equivalent) result:
Proposition 1.8. Let X be a k-scheme separated and of finite type, endowed with an action
of the finite group G, i : Y → X an equivariant closed immersion, j : U = X − Y → X the
(equivariant) complementary open immersion. Then, for any x ∈ K(U,G,Qℓ), we have
i∗j∗(x
∼) = 0
in K∼(Y,G,Qℓ).
To prove 1.8, we start by imitating Laumon’s reduction to [Lau81, 2.2.1]. Let f : X ′ → X
be the blow-up of Y and consider the following commutative diagram with Cartesian square
X ′
f

Y ′
i′oo
g

U
j
//
j′
>>}}}}}}}}
X Y
i
oo
By proper base change,
i∗j∗x = i
∗f∗j
′
∗x = g∗i
′∗j′∗x.
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We are thus reduced to the case where Y is a Cartier divisor. By cohomological descent for
a finite covering of X by G-stable open subsets, we may further assume that Y is defined by
a global equation F ∈ Γ(X,OX ). Up to replacing F by
∏
s∈G s
∗F (and changing the scheme
structure of Y ), we may assume that F is invariant under G. Then F defines a G-equivariant
morphism f : X → A1k, G acting trivially on A
1
k, with fiber Y at {0}. As in (loc. cit.), replacing
A1k by its henselization S at 0, with closed point s and generic point η, we are reduced to
showing that, for any K ∈ Dbc(Xη , G,Qℓ), the class in K
∼(Y,G,Qℓ) of
RΓ(I,RΨK) ∈ Dbc(Y,G,Qℓ)
is zero, where I is the inertia subgroup of Gal(η/η), η a separable closure of η. It then suffices
to invoke the following analogue of [Lau81, 2.2.1].
Theorem 1.9. Let S be the spectrum of a henselian discrete valuation ring, with closed
point s = Speck and generic point η, Y be a scheme of finite type over s, endowed with an
action of a finite group G (G acting trivially on s). Then for any L ∈ Dbc(Y ×s η,G,Qℓ), the
class in K∼(Y,G,Qℓ) of
RΓ(I, L) ∈ Dbc(Y,G,Qℓ)
is zero, where I is the inertia subgroup of Gal(η/η), η a separable closure of η.
We refer to [Zhe09, 4.1] for the definition of Dbc(Y ×s η,G,Qℓ). In our case, it is based on
the topos (Y ×s η,G)
∼ consisting of sheaves on Ys endowed with an action of Gal(η/η) ×G
compatible with the action of Gal(s/s) on Ys/s. Here s is a separable closure of s.
Proof. Let Pℓ be the kernel of the ℓ-component tℓ : I → Iℓ = Zℓ(1) of the tame character, and
let ηℓ = η/Pℓ. We consider the topos of G-Gal(ηℓ/η)-sheaves on Ys, which is the subcategory
of (Y ×s η,G)
∼ consisting of sheaves on which Pℓ acts trivially. Since
RΓ(I, L) = RΓ(Iℓ, L
Pℓ),
one is reduced to showing that, for any G-Gal(ηℓ/η)-Qℓ-sheaf L on Ys, the class of RΓ(Iℓ, L)
in K∼(Y,G,Qℓ) is zero, where ηℓ = η/Pℓ. We use the argument of Deligne at the end of
[Lau81]. If σ is a topological generator of Iℓ, we have a decomposition
(1.9.1) L =
⊕
α∈Qℓ
×
⋃
n≥1
Ker((σ − α)n, L).
Let Lu be the largest subsheaf of L (in the category of G-Gal(ηℓ/η)-Qℓ-sheaves on Ys) on
which the action of Iℓ is unipotent. In terms of the above decomposition,
(1.9.2) Lu =
⋃
n≥1
Ker((σ − 1)n, L).
As the formation of Lu and of RΓ(Iℓ,−) commutes with taking stalks at geometric points of
Y , the inclusion Lu → L induces an isomorphism
RΓ(Iℓ, L
u)
∼
−→ RΓ(Iℓ, L).
Therefore we may assume that the action of Iℓ on L is unipotent. Thus there exists a (twisted)
nilpotent endomorphism N : L→ L(−1) (a morphism of G-Gal(ηℓ/η)-Qℓ-sheaves on Ys) such
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that the representation ρ : Iℓ → Aut(L) is given by ρ(g) = exp(Ntℓ(g)) for g ∈ Iℓ. By
definition, H0(Iℓ, L) = L
Iℓ , and we have a canonical isomorphism
H1(Iℓ, L)
∼
−→ (LIℓ)(−1),
where LIℓ is the sheaf of co-invariants of Iℓ in L (given by z 7→ [z(σ)] ⊗ σ
∨ on 1-cocycles of
the standard cochain complex, where σ is a generator of Iℓ = Zℓ(1), σ
∨ ∈ Zℓ(−1) its dual,
and [−] means a class in LIℓ). In other words,
H0(Iℓ, L) ≃ KerN, H
1(Iℓ, L) ≃ CokerN.
Moreover, H i(Iℓ, L) = 0 for i 6= 0, 1. Using the monodromy filtration [Del80, 1.6.14] · · · ⊂
MiL ⊂ Mi+1L ⊂ · · · of L in the category of G-Gal(ηℓ/η)-Qℓ-sheaves on Ys, one gets the
isomorphisms
GrMi ((CokerN)(1))(i)
∼
−→ GrM−i(KerN),
which implies that KerN and CokerN have the same image in K∼(Iℓ,Qℓ).
The analogue of 1.9 (and, in turn, 1.8 and 1.3) with Qℓ replaced by an algebraic extension E
of a complete discrete valuation field of characteristic (0, ℓ) still holds. In fact, in this case,
although we may no longer have a decomposition of L as in (1.9.1), the expression for Lu still
holds.
1.10. With the notations and hypotheses of 1.8, assume k algebraically closed and X proper.
Let L ∈ Dbc(U,G,Qℓ), and s ∈ G such that the fixed point set X
s of s is contained in Y . By
1.3 we know that
(1.10.1) Tr(s,RΓc(U,L)) = Tr(s,RΓ(U,L)).
Though s has no fixed points on U , this trace can be nonzero (for example, if X is the affine
line over k, with p > 1, and G the cyclic group Z/pZ acting on X by translation, with
generator s : x 7→ x+ 1, then tc(s) = 1). We can rewrite both sides as
Tr(s,RΓc(U,L)) = Tr(s,RΓ(X, j!L)),
Tr(s,RΓ(U,L)) = Tr(s,RΓ(X,Rj∗L)).
By the Lefschetz-Verdier trace formula [SGA 5, III 4.7], each of these traces is a sum of “local
terms at infinity”, associated with the connected components of Xs ⊂ Y :
Tr(s,RΓ(X, j!L)) =
∑
Z∈π0(Xs)
Tr(s,RΓ(X, j!L))Z ,
Tr(s,RΓ(X,Rj∗L)) =
∑
Z∈π0(Xs)
Tr(s,RΓ(X,Rj∗L))Z ,
where the subscript Z means the local Verdier term at Z for the correspondence defined by
s : X → X and s∗ : j!L → j!L or s
∗ : Rj∗L → Rj∗L. We have the following refinement of
(1.10.1):
Corollary 1.11. With the notations and hypotheses of 1.10, for each Z ∈ π0(X
s), we have
Tr(s,RΓ(X, j!L))Z = Tr(s,RΓ(X,Rj∗L))Z .
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By the additivity of Tr(s,−)Z , we have
Tr(s,RΓ(X, j!L))Z − Tr(s,RΓ(X,Rj∗L))Z = Tr(s,RΓ(X, i∗i
∗Rj∗L))Z .
By the (trivial) Lefschetz-Verdier formula for i : Y → X [SGA 5, III 4.4],
Tr(s,RΓ(X, i∗i
∗Rj∗L))Z = Tr(s,RΓ(Y, i
∗Rj∗L))Z .
By definition [SGA 5, III 4.7], if IdE denotes the identity correspondence on E = i
∗Rj∗L,
Tr(s,RΓ(Y, i∗Rj∗L))Z = (aZ)∗〈s, IdE〉Z ,
where aZ : Z → Spec k is the projection, 〈s, IdE〉Z ∈ H
0(Z,KZ) is the Verdier term at Z for
the correspondences s and IdE [SGA 5, III (4.2.7)], KZ = Ra
!
ZQℓ, and (aZ)∗ : H
0(Z,KZ)→
Qℓ is the trace map, defined by the adjunction map Ra∗KZ → Qℓ. More generally, for any
F ∈ Dbc(Y,G,Qℓ) and Z ∈ π0(X
s), we have a Verdier term 〈s, IdF 〉Z ∈ H
0(Z,KZ). By
[SGA 5, III (4.13.1)], 〈s, IdF 〉Z is additive in F , hence depends only on the class of F in
K(Y,G,Qℓ). Therefore, by 1.8, we have 〈s, IdE〉Z = 0, which completes the proof.
1.12. Let us mention some analogues of Laumon’s theorem in topology. Let X be an n-
dimensional manifold. If Poincare´ duality holds for X, then we have the following analogue
of 1.1:
χ(X,Q) = (−1)nχc(X,Q).
In particular, odd-dimensional compact manifolds have vanishing Euler-Poincare´ characteris-
tic. More generally, Sullivan [Sul71] has shown that compact stratified spaces (in the sense
of Thom) with odd-dimensional strata have vanishing Euler-Poincare´ characteristic. Wein-
berger, Goresky and MacPherson used this to show that χ(X,Q) = χc(X,Q) holds for all
stratified spaces X with even-dimensional strata. See [Ful93, p. 141, Note 13].
2 A generalization to Deligne-Mumford stacks
In the situation of 1.2, we have
Dbc(X,G,Qℓ) ≃ D
b
c([X/G],Qℓ),
where [X/G] denotes the Deligne-Mumford stack associated to the action of G on X. More-
over, the equivariant operations Rf∗, Rf! correspond to similar operations for the associated
morphisms of Deligne-Mumford stacks. In the first half of this section we show that 1.3 ex-
tends to morphisms of Deligne-Mumford stacks of finite type over a regular base of dimension
≤ 1 satisfying the condition (A) below. In the second half, we establish an analogue for
torsion coefficients. The results of this section will not be used in the following ones with the
exception of 3.1, where only the extension of 1.3 to algebraic spaces is used.
2.1. In this section, unless otherwise stated, we fix a (Noetherian) regular base scheme S of
dimension ≤ 1 satisfying the condition
(A) Every nonempty scheme of finite type over S has a nonempty geometrically unibranch
[EGA IV, 6.15.1] open subscheme.
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This condition is satisfied if S is a Nagata scheme [The, 033S] (by [EGA IV, 9.7.10]) or if
S is semi-local. We fix a prime number ℓ invertible on S and an algebraic extension E of a
complete discrete valuation field E0 of characteristic (0, ℓ). We use the convention of [LMB00,
4.1] for Deligne-Mumford stacks. In particular, the diagonal of a Deligne-Mumford stack is
assumed to be quasi-compact and separated. For a Deligne-Mumford S-stack X of finite type,
we denote by Dbc(X , E) the category of bounded E-complexes. If S is affine and excellent and
if all schemes of finite type over S has finite ℓ-cohomological dimension, the construction of
Dbc(X , E) and of the corresponding six operations is done in [LO08]. For the general case,
see [Zhe11]. Note that the following sections do no depend on [Zhe11] because there we work
over an algebraically closed field.
We denote byK(X , E) the Grothendieck group ofDbc(X,E). For L ∈ D
b
c(X , E), we denote
by [L] its class in K(X , E). As in 1.2, we denote by K∼(X , E) the quotient of K(X , E) by the
ideal generated by [E(1)]− 1, and by x∼ the image in K∼(X , E) of an element x of K(X , E).
Recall that, for a morphism f : X → Y of Deligne-Mumford S-stacks of finite type, we
have exact functors
Rf∗, Rf! : D
b
c(X , E)→ D
b
c(Y, E)
inducing homomorphisms
f∗, f! : K(X , E)→ K(Y, E)
and
f∗, f! : K
∼(X , E)→ K∼(Y, E)
by passing to quotients.
The following is a generalization of 1.3. The proof will be given in 2.6.
Theorem 2.2. Let f : X → Y be a morphism of Deligne-Mumford S-stacks of finite type.
Then, for any x ∈ K(X , E), we have
f∗(x
∼) = f!(x
∼)
in K∼(Y, E).
For a point ξ of Y, we denote by iξ : Gξ → Y its residue gerbe [LMB00, 11.1]. It is
isomorphic to a quotient stack [SpecK/G], where K is a finite type extension field of κ(s),
s ∈ S is the image of ξ, and G is a finite group acting on K on the left leaving κ(s) fixed.
To see this, we may assume, by [LMB00, 6.1.1], that Y = [Y/H] is the quotient stack of an
S-scheme Y of finite type by a finite group G acting on Y on the right by k-automorphisms.
A representative SpecK1 → Y of ξ corresponds to an H-torsor T over K1 together with
an H-equivariant map t : T → Y . Let X be the image of t and endow it with the scheme
structure X =
∐
y∈X Specκ(y). Then t factorizes into H-equivariant maps T → X → Y .
Hence Gξ ≃ [X/H] ≃ [y/Gy], where y ∈ X and Gy < H is the stabilizer of y. Note that Gξ is
also the residue gerbe of the point ξ → Ys, where Ys = Y ×S s.
Lemma 2.3. The homomorphism
K∼(Y, E)→
∏
ξ
K∼(Gξ , E)
induced by i∗ξ, where ξ runs over all points of Y, is an injection.
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Proof. We prove 2.3 by Noetherian induction on Y. The assertion being trivial for Y = ∅,
we assume Y nonempty. Let x be an element of K(Y, E) such that i∗ξ(x
∼) = 0 in K∼(Gξ, E)
for any ξ. We shall show x∼ = 0. As above, by [LMB00, 6.1.1], there exists a nonempty
open immersion j : [Y/H] →֒ Y from the quotient stack of an S-scheme Y of finite type by
a finite group H acting on Y on the right by S-automorphisms. By (A), shrinking Y if
necessary, we may assume Y is geometrically unibranch and connected, and j∗x = [F ]− [F ′]
for lisse E-sheaves F and F ′ on [Y/H]. Here by lisse E-sheaf we mean a sheaf of the form
E ⊗OE1 E, where OE1 is the ring of integers of a finite extension E1 of E0 contained in E, and
E is a lisse OE1-sheaf. Let i : Y − [Y/H] → Y be a complementary closed immersion. Since
x = j!j
∗x+ i∗i
∗x and i∗(x∼) = 0 by induction hypothesis, it suffices to show j∗(x∼) = 0. We
may thus assume Y = [Y/H], Y geometrically unibranch, x = [F ]− [F ′] where F , F ′ are lisse
E-sheaves.
Let η¯ is a geometric point above the generic point η of Y . The category of lisse E-
sheaves on Y under our convention is equivalent to the category of (finite-dimensional) E-
representations of π1(Y, η¯) (see [Noo04, § 4] for a definition of π1(Y, η¯)). Let Klisse(Y, E)
denote the corresponding Grothendieck group. The H-equivariant map ǫ : η → Y induces a
morphism ι : [η/H]→ Y, which is the residue gerbe of Y at the point η → Y. By hypothesis,
ι∗(x∼) = 0. To see x∼ = 0, it suffices to show that
ι∗ : K∼lisse(Y, E)→ K
∼([η/H], E)
is an injection.
By the Jordan-Ho¨lder theorem, Klisse(Y, E) (resp. K([η/H], E)) is a free abelian group
with the set of isomorphism classes S1 (resp. S2) of simple E-representations of π1(Y, η¯)
(resp. π1([η/H], η¯)) as a base. Let S
∼
i be the quotient set of Si by the equivalence relation
∼ defined by L ∼ M if there exists n ∈ Z such that L ≃ M(n), i = 1, 2. Then K∼lisse(Y, E)
(resp. K∼([η/H], E)) is a free abelian group with basis S∼1 (resp. S
∼
2 ). We have the following
morphism of short exact sequences of groups
1 // π1(η, η¯) //
π1(ǫ,η¯)

π1([η/H], η¯) //
π1(ι,η¯)

H // 1
1 // π1(Y, η¯) // π1(Y, η¯) // H // 1
Since Y is geometrically unibranch, the homomorphism π1(ǫ, η¯) is surjective. Hence the same
is true for π1(ι, η¯). The latter clearly induces an injection S1 → S2. Therefore, for all
L,M ∈ S1 satisfying ι
∗L ≃ (ι∗M)(n) ≃ ι∗(M(n)), we have L ≃ M(n). In other words, ι∗
gives an injection S∼1 → S
∼
2 . This completes the proof of 2.3.
2.4. The preceding lemma allows us to show that the analogue of 1.3 still holds over the base
scheme S (G and H acting trivially on S) and with Qℓ replaced by E. As before, we are
reduced to proving the analogue of 1.8 over S. Note that the case where S is the spectrum of
a discrete valuation ring is easy (as observed by Vidal [Vid05, 0.1]).
Consider first the case where i : Y → X comes from a closed immersion T → S by base
change. We may assume T = s is a closed point of S. Then, replacing S by its henselization
S(s) at s, with generic point η, we are reduced to showing that, for any K ∈ D
b
c(Xη , G,E),
the class in K∼(Y,G,E) of
RΓ(I,RΨK) ∈ Dbc(Y,G,E)
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is zero, where I is the inertia subgroup of Gal(η/η), η an algebraic closure of η. It then suffices
to apply 1.9.
In the general case, apply the generic base change theorem [SGA 412 , Th. finitude 1.9]
to find a dense open subset V of S such that the formation of j∗x commutes with any base
change S′ → V . Consider the following diagram with Cartesian squares
Us
wU //
js

UV
vU //
jV

U
j

UT
tUoo
jT

Xs
w //

XV
v //

X

XT
too

s // V // S Too
where T = S−V , s is an arbitrary point of V . We have x = vU !xV + tU∗xT , where xV = v
∗
Ux,
xT = t
∗
Ux. Applying 1.8 to js, we obtain
w∗jV ∗(x
∼
V ) = js∗w
∗
U (x
∼
V ) = js!w
∗
U (x
∼
V ) = w
∗jV !(x
∼
V ).
Hence, by 2.3, jV ∗(x
∼
V ) = jV !(x
∼
V ). Therefore, by the special case above,
j∗vU !(x
∼
V ) = j∗vU∗(x
∼
V ) = v∗jV ∗(x
∼
V ) = v∗jV !(x
∼
V ) = v!jV !(x
∼
V ) = j!vU !(x
∼
V ).
On the other hand, applying 1.8 to jT , we obtain
j∗tU∗(x
∼
T ) = t∗jT∗(x
∼
T ) = t∗jT !(x
∼
T ) = j!tU∗(x
∼
T ).
Therefore j∗(x
∼) = j!(x
∼).
The following is a variant of [LMB00, 6.2, 6.3]. We use the convention of [LMB00, 4.1] for
Artin stacks. In particular, the diagonal of an Artin stack is assumed to be quasi-compact
and separated.
Lemma 2.5. Let S be a quasi-separated scheme, X be an Artin S-stack, K be an S-field,
x = SpecK, H be a finite group acting on x on the right by S-automorphisms, and let
i : [x/H]→ X be a morphism. Then there exists a 2-commutative diagram
[X/G]
φ

[x/H]
s
::uuuuuuuuu
i // X
where X is an affine scheme, G is a finite group acting on X on the right by S-automorphisms
and φ is a representable smooth morphism. Moreover, if X is a Deligne-Mumford S-stack, we
can choose the above diagram such that φ is e´tale and that the following square is 2-Cartesian
[x/H]
s // [X/G]
φ

[x/H]
i // X
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Let us recall the constructions in [LMB00, 6.6]. Let X → Y be a representable [LMB00,
3.9] and separated morphism of S-stacks, d ≥ 0. We define an S-stack SECd(X/Y) by
assigning to every affine scheme U equipped with a morphism U → S, the category of arrays
(x1, . . . , xd) of disjoint sections of the algebraic U -spaceX = X×YU . The S-stack SECd(X/Y)
is equipped with a natural action of the symmetric group Sd, compatible with the projection
to Y. Let ETd(X/Y) be the quotient stack. For a quasi-separated S-scheme V , giving a
morphism V → ETd(X/Y) is equivalent to giving a morphism V → Y and giving a subscheme
Z of the algebraic space X ×Y V which is finite, e´tale of degree d over V ([LMB00, 6.6.3 (i)]).
The structural morphism ETd(X/Y)→ Y is representable and separated [LMB00, 6.6.3 (ii)].
Proof. We prove 2.5 by imitating [LMB00, 6.7]. Take a 2-commutative diagram with 2-
Cartesian squares
T //

B //

Z
π

x // [x/H]
i // X
with Z an affine scheme, π smooth and T non-empty. Then T is a smooth algebraic space
over x and an H-torsor over B. Let L be an H-equivariant closed subscheme of T , finite e´tale
over x. For example, we can take a closed point t of T whose residue field is a separable
extension of K, and take L to be the H-orbit of t, endowed with the reduced algebraic
subspace structure. Let d be the degree of L over x. We have thus an H-equivariant section
of ETd(T/x)→ x, giving rise to a section of ETd(B/[x/H])→ [x/H], hence a 2-commutative
diagram
ETd(Z/X )

x
i1
55jjjjjjjjjjjjjjjjjjj // [x/H]
88rrrrrrrrrr
i // X
Since ETd(Z/X ) is a Deligne-Mumford stack smooth over X [LMB00, 6.6.3 (ii)], up to replac-
ing X by ETd(Z/X ), we may assume that X is a Deligne-Mumford S-stack. In this case, we
can take π to be e´tale. Then SECd(Z/X ) is a quasi-affine scheme [LMB00, 6.6.2 (iii))] and
ETd(Z/X ) = [SECd(Z/X )/Sd] is e´tale over X . Moreover, since T is a quasi-compact e´tale
algebraic space over x, it is finite and we can take L = T , so that ETd(B/[x/H]) → [x/H] is
an isomorphism. The point i1 corresponds to an Sd-orbit of SECd(Z/X ), which is contained
in an Sd-equivariant affine open. Thus 2.5 holds by taking X to be the aforementioned open
and G to be the group Sd.
2.6. Proof of 2.2. By 2.3, it is enough to show i∗ξf∗(x
∼) = i∗ξf!(x
∼) for all points ξ of Y. By
2.5, it is then enough to show φ∗f∗(x
∼) = φ∗f!(x
∼) for every representable e´tale morphism
φ : [Y/H]→ Y where Y is an affine S-scheme of finite type and G is a finite group acting on
Y . By base change by φ, it is thus enough to establish 2.2 in the case where Y = [Y/H]. In
particular, 2.4 implies that 2.2 holds if f is an open immersion (with no additional assumption
on Y).
We prove 2.2 in the case where Y = [Y/H] by Noetherian induction on X . Let j : [X/G]→
X be a dominant open immersion [LMB00, 6.1.1], where X is an affine S-scheme of finite type
and G is a finite group acting on X. By [Zhe09, 5.1] (which holds over general base schemes),
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up to replacing (X,G) by another pair with an isomorphic quotient stack, we may assume
that fj : [X/G] → [Y/H] is induced by an equivariant map (X,G) → (Y,H). Let i be a
closed immersion X − [X/G]→ X . Then x = j!j
∗x+ i∗i
∗x. Since j∗j
∗(x∼) = j!j
∗(x∼) by the
already proven case of open immersion, we have
f∗j!j
∗(x∼) = f∗j∗j
∗(x∼) = (fj)∗j
∗(x∼) = (fj)!j
∗(x∼) = f!j!j
∗(x∼)
by 2.4 applied to fj. On the other hand,
f∗i∗i
∗(x∼) = (fi)∗i
∗(x∼) = (fi)!i
∗(x∼) = f!i∗i
∗(x∼)
by induction hypothesis applied to fi. Therefore f∗(x
∼) = f!(x
∼).
In the rest of this section, we consider analogues of Laumon’s theorem for torsion co-
efficients. Let F be a field of characteristic ℓ. The following is an analogue of Theorem
1.9.
Theorem 2.7. Let S be the spectrum of a henselian discrete valuation ring, with closed
point s and generic point η, Y be a scheme of finite type over s, endowed with an action of
a finite group G (G acting trivially on s). Then for any L ∈ Dbc(Y ×s η,G, F ), the class in
K∼(Y,G, F ) of
RΓ(I, L) ∈ Dbc(Y,G, F )
is zero, where I is the inertia subgroup of Gal(η/η), η an algebraic closure of η.
As in 1.9, one is reduced to showing that, for any G-Gal(ηℓ/η)-F -sheaf, the class of
RΓ(Iℓ, L) in K
∼(Y,G, F ) is zero, where ηℓ = η/Pℓ. As before, we may assume that the
action of Iℓ on L is unipotent. Fix a topological generator σ of Iℓ = Zℓ(1) and define a
(nilpotent) G-Iℓ-equivariant operator
Nσ : L(1)→ L
by the formula Nσ(σ¯ ⊗ a) = ua, where σ¯ ∈ F (1) = F ⊗Zℓ Zℓ(1) is the image of σ, u =
σ − 1: L→ L. For γ ∈ Gal(ηℓ/η), we have
(Nσγ − γNσ)(σ¯ ⊗ a) = Nσ((σ¯)
χ(γ) ⊗ γa)− γ(σ − 1)a = χ(γ)uγa− (σχ(γ) − 1)γa,
where χ : Gal(ηℓ/η) → Z
×
ℓ is the cyclotomic character, χ(γ) ∈ F
×
ℓ is the image of χ(γ) ∈ Z
×
ℓ .
Since
σχ(γ) − 1 = (1 + u)χ(γ) − 1 = χ(γ)u+ u2P (u),
where P (u) is a polynomial in u, we have
(Nσγ − γNσ)(σ¯ ⊗ a) = χ(γ)uγa− [χ(γ)uγa+ u
2P (u)γa] = −u2P (u)γa ∈ Imu2 = ImN2σ .
It follows that Im(Nmσ γ − γN
m
σ ) ⊂ Im(N
m+1
σ ) for m ≥ 0. Let · · · ⊂ MiL ⊂ Mi+1L ⊂ · · · be
the filtration in the category of G-F -sheaves on Ys characterized by NσMi(1) ⊂Mi−2 and the
property that N iσ induces an isomorphism of G-F -sheaves
(2.7.1) GrMi L(i)
∼
−→ GrM−i L.
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As · · · ⊂ γMiL ⊂ γMi+1L ⊂ · · · satisfies the same condition for any γ ∈ Gal(ηℓ/η), the
filtration is Gal(ηℓ/η)-stable. Moreover, (2.7.1) is Gal(ηℓ/η)-equivariant, hence the same holds
for the isomorphism
GrMi (CokerNσ)(i) ≃ Gr
M
−i(KerNσ(−1)).
Therefore H0(Iℓ, L) = L
Iℓ = KerNσ(−1) and H
1(Iℓ, L) = LIℓ(−1) = CokerNσ(−1) have the
same class in K∼(Y,G, F ).
Remark. Note that the filtration MiL in the proof does not depend on the choice of σ. In
fact, if τ = σr is another topological generator of Zℓ(1), r ∈ Z
×
ℓ , then
r¯Nτ (σ¯ ⊗ a) = Nτ (τ¯ ⊗ a) = (τ − 1)a = [(1 + u)
r − 1]a = r¯ua+ u2Q(u)a,
where Q(u) is a polynomial in u = σ − 1, hence
(Nτ −Nσ)(σ¯ ⊗ a) = (r¯)
−1u2Q(u)a ∈ ImN2σ .
To state an analogue of 2.2 for F -sheaves, we need a condition on inertia.
Proposition 2.8. Let S be a quasi-separated scheme, f : X → Y be a morphism of Deligne-
Mumford S-stacks, m ∈ Z be an integer. The following two conditions are equivalent:
(a) For any algebraically closed field Ω and any point x ∈ X (Ω), the order of the group
Ker(AutX (x)→ AutY(y)) is prime to m, where y ∈ Y(Ω) is the image of x under f ;
(b) For any algebraically closed field Ω and any point y ∈ Y(Ω) and any lifting x ∈ X (Ω) of
y, the order of the group AutXy(x) is prime to m.
Note that the morphisms satisfying (a) are closed under composition while the morphisms
satisfying (b) are closed under base change.
Definition 2.9. Morphisms satisfying the conditions of 2.8 are called of prime to m inertia.
Example 2.10. Let (X,G) → (Y,H) be an equivariant morphism of S-schemes (the finite
groups G and H acting trivially on S). If for all geometric points x → X, of image y → Y ,
the order of the group Ker(Gx → Hy) is prime to m, where Gx and Hy are the inertia groups,
then the induced morphism [X/G] → [Y/H] of quotient S-stacks is of prime to m inertia.
Indeed, Aut[X/G](ξ) = Gx, Aut[Y/H](υ) = Hy, where ξ is the composition x→ X → [X/G], υ
is the composition y → Y → [Y/H].
We will deduce 2.8 in 2.16 from some general facts about inertia. Let C be a 2-category.
The 2-commutative squares in C form a 2-category C in an obvious way. Let S be the
partially ordered set
{0, 1}2 = {(i, j) | 0 ≤ i, j ≤ 1}.
A pseudofunctor F : S → C is a 2-commutative diagram in C of the form
(2.10.1) F00 //
 !!D
DD
DD
DD
D
F01

F10 // F11
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The 2-category C can be identified with the 2-subcategory of the 2-category of pseudofunc-
tors S → C, spanned by those pseudofunctors F for which the lower-left triangle is strictly
commutative. A 2-Cartesian square is a 2-commutative square of the form (2.10.1) which
is a 2-limit diagram, namely which exhibits F00 as the 2-limit of the diagram indexed by
T = ((1, 0)→ (1, 1) ← (0, 1)) ⊂ S.
Lemma 2.11. Consider a 2-commutative square
A //

B

X // Y
in C. Suppose that the squares AijBijXijYij, 0 ≤ i, j ≤ 1 and the squares B, X, Y are
2-Cartesian. Then the square A is 2-Cartesian.
Proof. The restriction X|T → Y |T ← B|T of the given square corresponds to a diagram in C
indexed by T ×T ′, which we denote by D. Here T ′ = T . Then A00 is limT ′ limT D, where lim
stands for 2-limit. The assertion then follows from the canonical identification of limT limT ′ D
and limT ′ limT D.
Corollary 2.12. Let
A′ //
~~||
||
||
||

A

~~
~~
~~
~~
B′ //

B

X ′ //
~~||
||
||
||
X
~~
~~
~~
~~
Y ′ // Y
be a 2-commutative cube in a 2-category. If the front, back and bottom squares are 2-Cartesian,
then the top square is also 2-Cartesian.
Proof. It suffices to apply 2.11 to the square of squares
A′AB′B //

AABB

X ′XY ′Y // XXY Y
2.13. Let C be a 2-category. We say that a morphism f : X → Y in C is faithful if for every
object W of C, the functor
HomC(W,X)→ HomC(W,Y )
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is faithful. Assume C admits 2-fiber products. For any morphism f : X → Y in C, we define
the inertia of f to be
(2.13.1) If = X ×∆f ,X×YX,∆f X.
The two projections X ×Y X → X induce two isomorphisms between the two projections
If → X. To fix ideas, we endow If with the first projection to X, which is a faithful
morphism because it admits the diagonal morphism δf : X → If as a section. For a morphism
g : W → X in C, HomX(W, If ) is equivalent to the group AutD(g), with the diagonal section
δfg corresponding to the identity element of the group. Here D is the category HomY (W,X).
In the case where C is the 2-category of categories fibered over a given category A, an explicit
description of If can be found in [The, 034H].
Lemma 2.14. Let
X ′ //

X

Y ′ // Y
be a 2-Cartesian square in a 2-category admitting 2-fiber products. Then the square
IX′/Y ′ //

IX/Y

X ′ // X
is 2-Cartesian.
Proof. It suffices to apply 2.12 successively to the following cubes:
X ′ ×Y ′ X
′ //
wwooo
oo
oo
oo
oo

X ′

wwooo
oo
oo
oo
oo
oo
o
X ×Y X //

X

X ′ //
wwnnn
nn
nn
nn
nn
nn
n Y
′
wwnnn
nn
nn
nn
nn
nn
n
X // Y
X ′ //
yyttt
tt
tt
tt
t
X
zzvv
vv
vv
vv
vv
X ′ ×Y ′ X
′ //

X ×Y X

X ′ //
yyss
ss
ss
ss
ss
X
uu
uu
uu
uu
uu
uu
uu
u
uu
u
X ′ // X
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IX′/Y ′ //
wwppp
pp
pp
pp
pp

X ′

wwppp
pp
pp
pp
pp
pp
p
IX/Y //

X

X ′ //
wwooo
oo
oo
oo
oo
oo
o
X ′ ×Y ′ X
′
wwooo
oo
oo
oo
oo
X // X ×Y X
Lemma 2.15. Let X → Y → Z be a sequence of morphisms in a 2-category admitting 2-fiber
products. Then the canonical morphism IX/Y → IX/Z induces an isomorphism
IX/Y
∼
−→ K = Ker(IX/Z → X ×Y IY/Z).
Here K is defined by the following 2-commutative diagram with 2-Cartesian squares
K //

X //

Y
δY/Z

IX/Z // X ×Y IY/Z // IY/Z
Proof. Applying 2.11 successively to the squares of squares
X ×Y X,Y,X ×Z X,Y ×Z Y //

XY XY

XYXY // Y Y ZZ
and
IX/Y , Y, IX/Z , IY/Z //

XY XY

XYXY // X ×Y X,Y,X ×Z X,Y ×Z Y
we see that the outer square of the 2-commutative diagram
IX/Y //

X //

Y

IX/Z // X ×Y IY/Z // IY/Z
is 2-Cartesian. Since the square on the right of the above diagram is 2-Cartesian, it follows
from 2.12 that the square on the left is also 2-Cartesian.
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2.16. Proof of 2.8. By 2.15,
IX/Y ≃ Ker(IX/S → X ×Y IY/S).
By 2.14,
IXy/y ≃ y ×Y IX/Y
for y ∈ Y(Ω). Therefore,
AutXy(x) ≃ HomXy(x, IXy/y) ≃ HomX (x, IX/Y ) ≃ Ker(AutX (x)→ AutY(y))
for x ∈ X (Ω) lifting y.
2.17. Now let S be as in 2.1, f : X → Y be a morphism of finite type Deligne-Mumford S-
stacks of prime to ℓ inertia. Recall that F is a field of characteristic ℓ. Then we have functors
[Zhe11, § 2]
Rf∗, Rf! : D
b
c(X , F )→ D
b
c(Y, F ).
They induce homomorphisms
f∗, f! : K(X , F )→ K(Y, F )
and
f∗, f! : K
∼(X , F )→ K∼(Y, F )
by passing to quotients.
Theorem 2.18. Let f : X → Y be a morphism of finite type Deligne-Mumford S-stacks of
prime to ℓ inertia. For any x ∈ K(X , F ), f∗(x
∼) = f!(x
∼) in K∼(Y, F ).
The proof follows the same line as the proof of 2.2. In 2.6, up to shrinking X, we may
assume in addition that G/G0 acts freely on X, where G0 = Ker(G→ Aut(X)). As before, by
[Zhe09, 5.1], we are reduced to showing 2.18 in the case where f : [X/G]→ [Y/H] is induced
by an equivariant morphism (X,G) → (Y,H) of affine schemes of finite type over S, with
G/G0 acting freely on X. Then f is the composite morphism
[X/G]→ [(X/G0 ∩N)/(G/G0 ∩N)]
g
−→ [(X/N)/(G/N)] → [Y/H],
where N = Ker(G → H). Since N/G0 ∩ N acts freely on X, g is an isomorphism. By
assumption, G0 ∩N has order prime to ℓ, hence we are reduced to showing 2.18 in the case
where f : [X/G] → [Y/H] is induced by an equivariant morphism (X,G) → (Y,H) of affine
schemes of finite type over S, with ℓ prime to the order of Ker(G → H). We prove the
analogues of 1.8, 1.3 and 2.4 as before, with 1.9 replaced by 2.7. (For the analogues of 1.3
and 2.4, we assume that Ker(G→ H) has order prime to ℓ.)
3 Free actions and vanishing theorems: ℓ-adic and Betti coho-
mologies
3.1. Let k be an algebraically closed field of characteristic exponent p, ℓ a prime number
6= p, X an algebraic k-space separated and of finite type, endowed with an action of a finite
group G. We extend the notations tℓ(s), tc,ℓ(s) and χ(X,G,Qℓ) ((0.1) through (0.3)) to this
situation. By 2.2, tℓ(s) = tc,ℓ(s) for s ∈ G.
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Theorem 3.2. Under the assumptions of 3.1, we have:
(a) For s ∈ G, tℓ(s) is an integer t(s) independent of ℓ;
(b) If G acts freely on X, RΓc(X,Zℓ) (resp. RΓ(X,Zℓ)) is a perfect complex of Zℓ[G]-
modules (i.e. is isomorphic to a bounded complex of finitely generated projective Zℓ[G]-
modules);
(c) If G acts freely on X, then t(s) = 0 for every s ∈ G whose order is not a power of p.
Proof. Assertion (a) for tc,ℓ(s) in the case of a separated scheme is a result of Deligne-Lusztig
[DL76, 3.3]. The general case is similar: by additivity of tc,ℓ with respect to X, we may
assume X affine; by spreading out one reduces to the case where k is the algebraic closure of a
finite field Fq and X with its action of G is defined over Fq; in this case, if F is the geometric
Frobenius of Speck/SpecFq, for any n ≥ 1, s ×Fq F
n is identified with IdX′n ×Fqn F
n for a
suitable X ′n/Fqn , and the assertion follows from Grothendieck’s trace formula.
The argument for (b) and (c) is analogous to that of [Ill81, proof of 2.5]. We have
(3.2.1) RΓ(X,Zℓ) = RΓ(X/G, π∗Zℓ),
where π : X → X/G is the projection. Here X/G is an algebraic space of finite type over k.
As π is an e´tale Galois cover of group G, π∗Zℓ is a lisse sheaf, locally free of rank one over
Zℓ[G]. For any Zℓ[G]-module M of finite type, we have, by the projection formula,
(3.2.2) RΓ(X/G, π∗Zℓ)⊗
L
Zℓ[G]
M
∼
−→ RΓ(X/G, π∗Zℓ ⊗Zℓ[G] M),
which implies that RΓ(X/G, π∗Zℓ) is of finite tor-dimension, hence perfect (as RΓ(X/G, π∗Zℓ)
belongs to Dbc(Zℓ) by (3.2.1)). (This type of argument seems to have appeared for the first
time in Grothendieck’s proof of the Euler-Poincare´ and Lefschetz formulas for curves, cf.
[SGA 5, III, X], [SGA 412 , Rapport].) The proof for RΓc is analogous, except that we may
assume X/G to be a separated scheme by induction on dimX.
By (a) the character t of χc(X,G,Qℓ) (= χ(X,G,Qℓ) (1.4.2)) has values in Z and is
independent of ℓ. Therefore (c) follows from the theory of modular characters [Ser98, th. 36,
p. 145]: if P is a finitely generated projective Zℓ[G]-module, the character of P ⊗Qℓ vanishes
on ℓ-singular elements of G, i.e. elements whose order is divisible by ℓ.
For s = 1, the fact that tc(1) = χc(X,Qℓ) is independent of ℓ had been known since the
early 1960s, as it is an immediate consequence of Grothendieck’s trace formula (cf. [Ill06,
§ 1]). Thanks to Gabber’s theorem [Fuj02], one can show the independence of ℓ for tℓ(s)
independently of 1.4.
As observed in [DL76, 3.12], 3.2 implies:
Corollary 3.3. If G acts freely on X and the order of G is prime to p, then, with the notations
of 1.4,
(3.3.1) χ(X,G,Qℓ) = χ(X/G)RegQℓ(G),
where RegQℓ(G) is the class of the regular representation and
χ(X/G) =
∑
(−1)i dimH ic(X/G,Qℓ) =
∑
(−1)i dimH i(X/G,Qℓ)
is the Euler-Poincare´ characteristic of the algebraic space X/G.
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Proof. Indeed, by 3.2, we have t(s) = 0 for all s 6= 1. Therefore, by [Ser98, 2.4, 12.1], there
exists m ∈ Z such that
χ(X,G,Qℓ) = mRegQℓ(G).
As, by (3.2.2),
RΓ(X/G, π∗Zℓ)⊗
L
Zℓ[G]
Zℓ = RΓ(X/G,Zℓ),
one finds m = χ(X/G,Qℓ).
The following application was suggested to the first author by Serre:
Corollary 3.4. With the notations of 3.1, assume that G is cyclic, generated by s. Assume
moreover that the order of G is prime to p and that s has no fixed points. Then t(s) = 0.
Proof. When G acts freely, this is a particular case of 3.3. In the general case, for any subgroup
H of G, denote by XH the fixed point set of G (a closed algebraic subset of X) and, as in
[Ver73, § 2], by XH the open subset of X
H defined by
XH = X
H −
⋃
H′⊃H,H′ 6=H
XH
′
.
Each XH (resp. XH) is G-stable, and the inertia group at any point of XH is H. On XH the
quotient G/H acts freely. As X is the disjoint union of the XH ’s for H running through the
subgroups of G, we have
t(s) =
∑
H
Tr(s,H∗c (XH ,Qℓ)).
As s generates G/H, Tr(s,H∗c (XH ,Qℓ)) = 0, hence t(s) = 0.
Finally, here is an application to Betti cohomology:
Corollary 3.5. Let X/C be an algebraic space separated and of finite type over C endowed
with a free action of a finite group G. Let RQ(G) denote the Grothendieck group of Q-linear
finite dimensional representations of G, and
χc(X,G,Q) =
∑
(−1)i[H ic(X,Q)] ∈ RQ(G),
χ(X,G,Q) =
∑
(−1)i[H i(X,Q)] ∈ RQ(G),
where [−] denotes a class in RQ(G). Then:
(3.5.1) χc(X,G,Q) = χ(X,G,Q) = χ(X/G,Q)RegQ(G),
where RegQ(G) is the class of the regular representation and
χc(X/G,Q) = χ(X/G,Q)
is the Euler-Poincare´ characteristic of X/G. (Here by H ic(Y,Q) (resp. H
i(Y,Q)), for Y/C an
algebraic space separated and of finite type, we mean H ic(Y (C),Q) (resp. H
i(Y (C),Q)), where
Y (C) is the space of rational points of Y with the classical topology defined in [Art69, 1.6].)
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Recall the comparison theorem between e´tale and Betti cohomologies for algebraic spaces:
for a morphism f : Y → Z of finite type algebraic spaces over C, we have a 2-commutative
square of topoi
Y (C)cl

// Yet

Z(C)cl // Zet
and the base change morphism Rfcl∗ǫ
∗
ZF → ǫ
∗
YRfet∗F is an isomorphism for any constructible
torsion abelian sheaf F . See [SGA 4, XVI 4.1] for the case of schemes. The general case follows
from this case: the problem being local, we may assume Z to be a scheme; then we take an e´tale
cover of Y by schemes and apply cohomological descent. In particular, χ(Y,Q) = χ(Y,Qℓ)
(see 2.17 for finiteness). We also have χc(Y,Q) = χc(Y,Qℓ) for Y separated. Indeed, it suffices
to take a stratification by separated schemes and apply the identity to each stratum [SGA 412 ,
Arcata IV.6.3].
The homomorphism RQ(G) → RQℓ(G) is injective [Ser98, 14.6], and by the comparison
theorem, χc(X,G,Qℓ) (resp. χ(X,G,Qℓ)) is the image of χc(X,G,Q) (resp. χ(X,G,Q)).
Therefore (3.5.1) follows from (3.3.1).
Remark 3.6. (a) The equality
(3.6.1) χc(X,G,Q) = χc(X/G)RegQ(G)
was established by Verdier [Ver73, lemme, p. 443], using a similar method. At the time, the
equality χ = χc was unknown. Actually, Verdier proves (3.5.1) more generally for locally
compact spaces X which are of finite topological dimension (i.e. such that there exists an
integerN such thatHnc (X,F ) = 0 for all n > N and all abelian sheaves F ) and cohomologically
of finite type (i.e. such that, for each n, Hnc (X,Z) is finitely generated), endowed with a
continuous and free action of a finite group G (X/G is then also cohomologically of finite
type). When the action of G is no longer assumed to be free, but the fixed point set XH is
cohomologically of finite type for every subgroup H of G, using a decomposition of X of the
type considered in the proof of 3.4, Verdier formally deduces from (3.5.1) a general formula
for χc(X,G,Q) as a linear combination of certain induced representations (loc. cit., p. 443).
We will come back to this and ℓ-adic variants in § 4.
(b) By a theorem of Deligne reported on in [Ill81], if X is a separated scheme, (3.3.1) holds
more generally if the action of G is only assumed to be tame at infinity. We will discuss this
and related results in § 4.
3.7. Let k be a field, k a separable closure of k, X an algebraic k-space of finite type, endowed
with a free action of a group G of order ℓn, where ℓ is a prime different from the characteristic
of k. Serre proved (in the case of a separated scheme) that, under these assumptions, for any
g ∈ Γ = Gal(k/k), the ℓ-adic integer Tr(g,H∗c (Xk,Qℓ)) is divisible by ℓ
n ([Ser07], [Ill06, 7.5]).
On the other hand, by 3.2 (c), for s ∈ G, s 6= 1, Tr(s,H∗c (Xk,Qℓ)) = 0. More generally:
Theorem 3.8. Under the assumptions of 3.7, for any s ∈ G and any g ∈ Γ, we have
(3.8.1) Tr(sg,H∗c (Xk,Qℓ)) ≡ 0 mod ℓ
m,
where ℓm is the order of the centralizer of s in G.
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The proof follows the pattern of that of Serre’s theorem (loc. cit.). We may assume
X affine. Choose a model X/S of X/k where S is the spectrum of a finitely generated,
integral, normal, sub Z-algebra of k, X/S affine and of finite type, endowed with a free
action of G by S-automorphisms, such that X/k, with its G-action, comes from X/S by
base change. Suppose that there exists a pair (s, g) such that tc(sg) 6≡ 0 mod ℓ
m, where
tc(sg) = Tr(sg,H
∗
c (Xk,Qℓ)). Applying Chebotarev’s generalized density theorem as in [Ill06,
proof of 7.1, (1) ⇒ (2)], one finds a point y of S with value in a finite field Fq of characteristic
p 6= ℓ such that tc(sg) ≡ Tr(sF,H
∗
c (Xy,Qℓ)) mod ℓ
m, where y is an algebraic geometric point
over y and F the geometric Frobenius automorphism of y/y. By Deligne-Lusztig (loc. cit.), sF
is the geometric Frobenius automorphism of X ′y for some X
′/Fq, therefore, by Grothendieck’s
trace formula, the trace of sF is the cardinality of the set E of rational points x of Xy such
that sFx = x. Since the action of G commutes with F , the centralizer of s in G acts freely
on E, hence this cardinality is divisible by ℓm, which is a contradiction.
Remark 3.9. (a) For s 6= 1, one can’t expect Tr(sg,H∗c (Xk,Qℓ)) = 0 for all g ∈ Γ. Serre
gives the following example: let k = Fq with q − 1 ≡ 0 mod ℓ
n, and let X = (Gm)k; let s be
the translation in X by a rational point of order ℓn (a primitive ℓn-th root of 1 in k). Then
the trace of sF is equal to the trace of F , i.e. q − 1.
(b) We don’t know whether 3.8 holds with H∗c replaced by H
∗.
3.10. Under the assumptions of 3.1, when G is not assumed to act freely, RΓ(X,Zℓ) (resp.
RΓc(X,Zℓ)), as an object of D
b
c(Zℓ[G]) is not, in general, a perfect complex. It belongs,
however, to a certain full subcategory of Dbc(Zℓ[G]) considered by Rickard [Ric94].
Recall that a Zℓ[G]-module is called a permutation module if it is isomorphic to a module
of the form Zℓ[E] for a finite G-set E, in other words, if it admits a finite basis over Zℓ which
is set-theoretically stable under G. Denote by Zℓ[G]perm the full subcategory of the category
of Zℓ[G]-modules consisting of direct summands of permutation modules. This is an additive
subcategory. By a result of Rouquier [Rou], the natural functor Kb(Zℓ[G]perm)→ D
b
c(Zℓ[G])
induces a fully faithful functor
(3.10.1) Kb(Zℓ[G]perm)/K
b
0(Zℓ[G]perm)→ D
b
c(Zℓ[G]),
where Kb0(Zℓ[G]perm) denotes the full subcategory of K
b(Zℓ[G]perm) consisting of acyclic com-
plexes. In particular, the essential image Db(Zℓ[G])perm of (3.10.1) is a triangulated subcate-
gory of Dbc(Zℓ[G]).
Theorem 3.11. Under the assumptions of 3.1, denote by Db(Zℓ[G])X-perm the smallest full
triangulated subcategory of Db(Zℓ[G])perm containing the direct summands of permutation
modules of the form Zℓ[G/I], where I runs through the inertia groups of G. Then RΓc(X,Zℓ)
(resp. RΓ(X,Zℓ), if X is separated,) belongs to D
b(Zℓ[G])X-perm.
Remark 3.12. (a) For the result on RΓ(X,Zℓ), the assumption that X is separated serves
only to guarantee the existence of X/G. One may replace it by the weaker assumption that
the inertia subgroup I(G,X) of G×X is finite over X.
(b) When G acts freely, Db(Zℓ[G])X-perm is the category of perfect complexes of Zℓ[G]-
modules: one recovers 3.2 (b).
(c) When X is a separated scheme and G acts admissibly, the result of 3.11 for RΓc(X,Zℓ)
is a weak form of Rickard’s theorem [Ric94, 3.2]. Rickard actually constructs a bounded
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complex of finite sums of direct summands of permutation modules of the form Zℓ[G/I],
where I is an inertia group of G, well defined up to homotopy, representing RΓc(X,Zℓ).
Rickard does not consider the case of RΓ.
3.13. Let us introduce some notations before proving 3.11. For a homomorphism of finite
groups f : G→ H, the contracted product is defined to beX∧GH = (X×H)/G, where G acts
onX×H by (x, h)g = (xg, f(g)−1h). See [Gir71, III 1.3.1] for a definition in a topos. The right
translation of H induces an action of H on X ∧GH. We have (X ∧GH)∧H {1} ≃ X ∧G {1},
namely (X ∧GH)/H ≃ X/G. If f is a monomorphism, the projection X ∧GH → X is a finite
e´tale cover of fibers isomorphic to H/G.
As in the proof of 3.4, we denote by XH the open subset of X
H which is the complement
of the union of the XH
′
for H ′ strictly containing H. The stabilizer of any geometric point in
XH is H. Let S be the set of conjugacy classes of subgroups of G. For S ∈ S, denote by XS
the (disjoint) union of the XH ’s for H ∈ S, with its induced action of G, and YS = XS/G.
For H ∈ S, the normalizer NG(H) acts on XH through NG(H)/H. The projection XH →
XH/NG(H) = YS is an e´tale Galois cover of group NG(H)/H, and XS = XH ∧
NG(H) G.
The YS ’s, for S ∈ S, form a decomposition of Y = X/G into disjoint locally closed algebraic
subspaces of Y .
Proof of 3.11. Let us first treat the case of RΓc. We may assume X separated. We proceed by
Noetherian induction on X. There is a G-stable dense open subset V of X which is a disjoint
union of irreducible schemes. Take one component W of V , and let H be the inertia group
at the generic point. Then WH = W as sets. Let U = WS , where S is the conjugacy class
of H. Then U is a nonempty G-stable open subset of V , disjoint union of the UH′ = U
H′ ,
for H ′ running through the conjugacy class S, such that G acts transitively on the maximal
points of U . Up to shrinking U , we may assume U affine. We have a distinguished triangle
in Dbc(Zℓ[G]):
RΓc(U,Zℓ)→ RΓc(X,Zℓ)→ RΓc(Y,Zℓ)→,
where Y is the complement of U in X. By the induction hypothesis, we may therefore assume
that X = U . The group NG(H) acts on XH . The natural map (of D
b(Zℓ[G]))
Zℓ[G]⊗
L
Zℓ[NG(H)]
RΓc(XH ,Zℓ)→ RΓc(X,Zℓ)
is an isomorphism, as X = G ∧NG(H) XH . As NG(H) acts on XH through NG(H)/H and
the action of NG(H)/H is free, RΓc(XH ,Zℓ) is perfect over Zℓ[NG(H)/H] (3.1 (b)). As
Zℓ[G] ⊗
L
Zℓ[NG(H)]
Zℓ[NG(H)/H] = Zℓ[G/H], it follows that RΓc(X,Zℓ) is represented by a
bounded complex of finite sums of direct summands of Zℓ[G/H], which finishes the proof in
this case.
The proof for the case of RΓ is similar. Consider the open immersion u : U → X as above,
and its complement i : Y → X. The exact sequence 0 → u!Zℓ → Zℓ → i∗Zℓ → 0 gives an
exact triangle in Dbc(Zℓ[G]):
RΓ(X,u!Zℓ)→ RΓ(X,Zℓ)→ RΓ(Y,Zℓ)→ .
By the induction hypothesis it suffices to show that RΓ(X,u!Zℓ) belongs to D
b(Zℓ[G])X-perm.
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Consider the commutative diagram
(3.13.1) U
u //
fU

X
f

U/G
v // X/G
,
where f is the canonical projection. We have, in Dbc(Zℓ[G]) (by 2.17),
(3.13.2) RΓ(X,u!Zℓ) = RΓ(X/G, f∗u!Zℓ) = RΓ(X/G, v!(fU )∗Zℓ).
As above, let H be a member of S, and let fH : UH → U/G be the restriction of fU to UH .
We have (fU )∗Zℓ = Zℓ[G] ⊗Zℓ[NG(H)] (fH)∗Zℓ, hence v!(fU)∗Zℓ = Zℓ[G] ⊗Zℓ[NG(H)] v!(fH)∗Zℓ,
so that by the projection formula, we get
(3.13.3) RΓ(X/G, v!(fU )∗Zℓ) = Zℓ[G] ⊗
L
Zℓ[NG(H)]
RΓ(X/G, v!(fH)∗Zℓ).
As NG(H) acts on UH through NG(H)/H and the action of NG(H)/H is free, (fH)∗Zℓ
is locally isomorphic to Zℓ[NG(H)/H]. Therefore v!(fH)∗Zℓ is of finite tor-dimension over
NG(H)/H, and consequently, RΓ(X/G, v!(fH)∗Zℓ) is perfect over NG(H)/H. Then the con-
clusion follows from (3.13.2) and (3.13.3) by the same argument as for the case of RΓc.
4 Tameness at infinity
In this section we fix an algebraically closed field k of characteristic exponent p and a prime
number ℓ 6= p.
4.1. Let Y be a normal, connected scheme, separated and of finite type over k, G a finite
group, and f : X → Y an e´tale Galois cover of group G. We have Y = X/G. Let Y be a normal
compactification of Y over k (i.e. a proper, normal, connected scheme over k containing Y as
a dense open subset). We say that X is tamely ramified along Y − Y if G acts tamely on the
normalization X of Y in X, i.e. the inertia groups Gx ⊂ G, stabilizers of geometric points x of
X in G, are of order prime to p (cf. [Ill81, 2.6]). We say that X is tamely ramified at infinity
over Y/k if there exists a normal compactification Y of Y such that X is tamely ramified
along Y − Y . By [Ill81, 2.8], (3.3.1) still holds in this case, namely, we have an equality in
the Grothendieck group Pℓ(G) = K
•(Zℓ[G]) of finitely generated projective Zℓ[G]-modules
(= K•(Fℓ[G])):
(4.1.1) χc(X,G,Zℓ) = χ(X/G)RegZℓ(G),
or, equivalently,
(4.1.2) χc(X,G,Fℓ) = χ(X/G)RegFℓ(G),
where χc(X,G,Zℓ) = χc(X,G,Fℓ) is the class of RΓc(X,G,Zℓ) (or RΓc(X,G,Fℓ)) in Pℓ(G),
and Reg denotes a regular representation. Note that, as the natural homomorphism Pℓ(G)→
RQℓ(G) is injective, we have
(4.1.3) χc(X,G,Zℓ) = χ(X,G,Zℓ) = χ(X,G,Fℓ) = χc(X,G,Fℓ),
where χ(X,G,Zℓ) (resp. χ(X,G,Fℓ)) is the class of RΓ(X,G,Zℓ) (resp. RΓ(X,G,Fℓ)).
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4.2. We will reformulate the notion of tameness at infinity in terms of Vidal’s group K(Y,Fℓ)
0
t
[Vid04, 2.3.1] (where the group is denoted by Kc(Y,Fℓ)
0
t ).
Let us briefly recall its definition. Let Z be a scheme separated and of finite type over k.
We denote by K(Z,Fℓ) the Grothendieck group of constructible Fℓ-modules on Z, and by
Klisse(Z,Fℓ) the subgroup generated by the classes of lisse Fℓ-sheaves, and by [F ] the class in
K(Z,Fℓ) of a constructible sheaf F . When Z is normal, connected, with geometric generic
point ζ, Klisse(Z,Fℓ) is the Grothendieck group of finite, continuous Fℓ[π1(Z, ζ)]-modules. In
this case, for a ∈ Klisse(Z,Fℓ), we denote by
TrBr(−, a) : π1(Z, ζ)→ Zℓ, g 7→ Tr
Br(g, aζ )
its Brauer trace (on ℓ-regular elements, extended by zero on ℓ-singular ones). Vidal defines a
closed subset
EZ/k ⊂ π1(Z, ζ),
stable under conjugation, called the wild part of π1(Z, ζ): this is the intersection, over all
normal compactifications Z of Z, of the closures EZ/k,Z of the unions of the conjugates of the
images of the pro-p-Sylow subgroups of the local fundamental groups π1(Z(y)×Z Z, z), where
y runs through geometric points of Z − Z and z is a geometric point of Z(y) ×Z Z above ζ
(see [Vid04, 2.1], [Vid05, 1.1] for more details). Now, for Z only assumed to be separated and
of finite type over k, Vidal defines
K(Z,Fℓ)
0
t ⊂ K(Z,Fℓ)
as the subgroup generated by the classes i!a, where i : Y → Z is separated and quasi-finite,
with Y normal connected, and a ∈ Klisse(Y,Fℓ) has the property that, for all g ∈ EY/k,
TrBr(g, a) = 0.
We extend this definition to algebraic spaces. More precisely, for an algebraic space Z of
finite type over k, we denote by K(Z,Fℓ) the Grothendieck group of constructible Fℓ-modules
on Z, and we define
K(Z,Fℓ)
0
t ⊂ K(Z,Fℓ)
as the subgroup generated by the classes i!a, where i : Y → Z is quasi-finite, with Y a
separated normal connected scheme, and a ∈ Klisse(Y,Fℓ) has the property that, for all
g ∈ EY/k, Tr
Br(g, a) = 0. This definition does not depend on the choice of geometric points.
Recall that, when Z is a separated normal connected scheme, it follows from a valuative
criterion of Gabber that, for a ∈ Klisse(Z,Fℓ), a belongs to K(Z,Fℓ)
0
t if and only if there
exists a normal compactification Z of Z such that, for all g ∈ EZ/k,Z , Tr
Br(g, a) = 0 [Vid05,
6.2 (ii)].
The following is a variant of [Vid04, 2.3.3] and [Vid05, 0.1]:
Proposition 4.3. Let f : Z → W be a morphism of algebraic spaces of finite type over k.
Then
(a) The map f∗ : K(W,Fℓ)→ K(Z,Fℓ) sends K(W,Fℓ)
0
t into K(Z,Fℓ)
0
t .
(b) The map f! : K(Z,Fℓ)→ K(W,Fℓ) sends K(Z,Fℓ)
0
t into K(W,Fℓ)
0
t .
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(c) If Z =
∐
I Zi is a partition of Z into locally closed algebraic subspaces, then φ : a 7→
(a|Zi)I defines an isomorphism K(Z,Fℓ)
0
t ≃ ⊕IK(Zi,Fℓ)
0
t .
(d) K(Z,Fℓ)
0
t is an ideal of the ring K(Z,Fℓ).
Proof. (a) Let X be a separated connected normal scheme of finite type over k, i : X → W
be a quasi-finite morphism, a ∈ Klisse(X,Fℓ) satisfying Tr
Br(g, a) = 0 for all g ∈ EX/k. Then,
by base change,
(4.3.1) f∗i!a =
∑
j∈J
iYj !f
∗
j a,
where X ×W Z =
∐
j∈J Yj is a partition into locally closed separated normal connected
subschemes, iYj : Yj → Z and fj : Yj → X are the projections. Note that f
∗
j a ∈ Klisse(Yj ,Fℓ).
If we still denote by fj the map EYj ,k → EX,k induced by fj [Vid04, 2.1.1], then
TrBr(g, f∗j a) = Tr
Br(fj(g), a) = 0.
Thus f∗i!a belongs to K(W,Fℓ)
0
t by (4.3.1).
(c) By (a), the homomorphism φ in (c) is well defined. We define a homomorphism
ψ : ⊕I K(Zi,Fℓ)
0
t → K(Z,Fℓ)
0
t by (aZi)I 7→
∑
I iZi!aZi , where iZi is the immersion Zi → Z.
The two homomorphisms are clearly inverse to each other.
(b) If f is quasi-finite, (b) follows from the definition. For the general case, applying
the quasi-finite case and (c), we may reduce to the case where f is morphism of separated
schemes. In this case (b) is [Vid05, 0.1].
(d) Let iX : X → Z be a quasi-finite morphism where X is a separated normal connected
scheme, let a ∈ Klisse(X,Fℓ) satisfying Tr
Br(g, a) = 0 for all g ∈ EX/k, and let b ∈ K(Z,Fℓ).
By projection formula,
(4.3.2) (i!a)b = i!(a(i
∗b)) =
∑
j∈J
iXj !((a|Xj)(b|Xj)),
where X =
∐
j∈J Xj is a partition into locally closed normal connected subschemes such that
b|Xj ∈ Klisse(Xj ,Fℓ), iXj : Xj → Z is the composition with i. As in (a), it follows from the
functoriality of E that TrBr(g, a|Xj) = 0 for all g ∈ EXj/k. Thus Tr
Br(g, (a|Xj)(b|Xj)) = 0
for all g ∈ EXj/k by the multiplicativity of the Brauer trace [Ser98, 18.1 iv)]. Therefore, (i!a)b
belongs to K(Z,Fℓ)
0
t by (4.3.2).
The rank function on constructible Fℓ-sheaves defines a ring homomorphism
rk: K(Z,Fℓ)→ C(Z,Z),
where C(Z,Z) is the ring of constructible functions on Z with values in Z. This homo-
morphism has a natural section which is a ring homomorphism, associating with a function
c ∈ C(Z,Z) the class 〈c〉 of the constructible sheaf ⊕ji!F
c|Zi
ℓ , where Z is a disjoint union of
locally closed subspaces ji : Zi → Z over which c is constant (〈c〉 is independent of the choice
of the stratification). Note that K(Z,Fℓ)
0
t is contained in Ker(rk).
Definition 4.4. For an algebraic space Z separated and of finite type over k and a ∈ K(Z,Fℓ)
we will say that a is virtually tame if a− 〈rk(a)〉 belongs to K(Z,Fℓ)
0
t .
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We denote by K(Z,Fℓ)t the subgroup of K(Z,Fℓ) consisting of virtually tame elements.
As a subgroup, it is generated by K(Z,Fℓ)
0
t and the image of 〈−〉. It follows that K(Z,Fℓ)t
is a subring of K(Z,Fℓ). The rank function induces a ring isomorphism
K(Z,Fℓ)t/K(Z,Fℓ)
0
t
∼
−→ C(Z,Fℓ).
Remark 4.5. When Z is a normal connected scheme, it follows from the consequence of
the valuative criterion of Gabber mentioned at the end of 4.2 that, for a ∈ Klisse(Z,Fℓ), a is
virtually tame if and only if there exists a normal compactification Z of Z such that, for all
g ∈ EZ/k,Z , Tr
Br(g, a) = rk(a).
The following is an immediate consequence of 4.3.
Proposition 4.6. Let f : Z → W be a morphism of algebraic spaces of finite type over k.
Then
(a) The map f∗ : K(W,Fℓ)→ K(Z,Fℓ) sends K(W,Fℓ)t to Z(W,Fℓ)t.
(b) If Z =
∐
I Zi is a partition of Z into locally closed algebraic subspaces, then φ : a 7→
(a|Zi)I defines an isomorphism K(Z,Fℓ)t ≃ ⊕IK(Zi,Fℓ)t.
(c) If a, b ∈ K(Z,Fℓ) such that a and ab are virtually tame, and rk(a) is invertible, then b
is virtually tame.
Proposition 4.7. Let Y be a normal, connected scheme, separated and of finite type over k,
with a generic geometric point y, and let F be a lisse Fℓ-sheaf on Y . Denote by ρ : π1(Y, y)→
Aut(Fy) the representation defined by F . The following conditions are equivalent:
(a) [F ] is virtually tame (4.4).
(b) There exists a normal compactification Y of Y over k such that, for all g ∈ EY/k,Y ,
ρ(g) = 1.
Proof. The implication (b) ⇒ (a) is trivial. Conversely, by 4.5, (a) implies the existence of a
normal compactification Y of Y over k such that for all g ∈ EZ/k,Z , Tr
Br(g, a) = rk(a). The
representation ρ factors through ρ′ : G → Aut(Fy) for some finite quotient G of π1(Y, y). As
in [Vid04, 2.1.1], let EY/k,Y (G) be the image of EY/k,Y in G. By [Ser98, 18.2, Cor. 1], the
restriction of ρ′ to any subgroup of G contained in EY/k,Y (G) is the trivial representation.
Thus (b) follows from the fact that EY/k,Y (G) is a union of p-subgroups of G.
In particular:
Corollary 4.8. Let f : X → Y be as in 4.1. The following conditions are equivalent:
(a) [f∗Fℓ] is virtually tame (4.4).
(b) X is tamely ramified at infinity over Y/k (4.1).
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4.9. Let X be a an algebraic k-space of finite type, endowed with an action of a finite group G.
Assume that the inertia I(G,X) is finite over X and let f : X → Y = X/G be the projection.
Here Y is an algebraic space of finite type over k. We say that G acts virtually tamely on X
if [f∗Fℓ] is virtually tame (4.4).
To give a more concrete characterization of this property, we assume for simplicity that
X is separated. We adopt the notations of 3.13. For each S ∈ S, write YS as a finite disjoint
union of normal, connected, locally closed subschemes (YS)i, i ∈ JS . Let (fS)i : (XS)i → (YS)i
be the base change of f : X → Y to (YS)i. This is a disjoint sum of e´tale Galois covers (XH)i
(H ∈ S) of (YS)i of group NG(H)/H, transitively permuted by G.
Proposition 4.10. Using the above notations, G acts virtually tamely on X if and only if,
for all S ∈ S, H ∈ S and i ∈ JS, (XH)i is tamely ramified at infinity over (YS)i.
In particular, the condition that G acts virtually tamely does not depend on ℓ.
Proof. As f∗Fℓ|(YS)i = (fS)i∗Fℓ, [f∗Fℓ] is virtually tame if and only if [(fS)i∗Fℓ] is virtually
tame for all S ∈ S and i ∈ JS by 4.6 (b). For all H ∈ S,
[(fS)i∗Fℓ] = (G : NG(H))[(fH)i∗Fℓ],
where (fH)i : (XH)i → (YS)i is the restriction of (fS)i. By 4.6 (c), it follows that [(fS)i∗Fℓ] is
virtually tame if and only if [(fH)i∗Fℓ] is virtually tame. We then apply 4.8 to (fH)i.
The following is a generalization of 3.3, which is an analogue of Verdier’s formula [Ver73,
Th., p. 443].
Theorem 4.11. Let X be an algebraic k-space, separated and of finite type, endowed with
a virtually tame action of a finite group G. Then, with the notations of 4.9, we have, in
RQℓ(G),
(4.11.1) χ(X,G,Qℓ) =
∑
S∈S
χ(XS/G)IS ,
where IS = [Qℓ[G/H]] ∈ RQℓ(G) for H ∈ S.
By the comparison between e´tale and Betti cohomologies (see the remark following 3.5),
we recover Verdier’s formula [Ver73, Th., p. 443] (a generalization of 3.5):
Corollary 4.12. Let X be an algebraic space separated and of finite type over C endowed
with an action of a finite group G. Then, with the above notations, we have, in RQ(G),
(4.12.1) χ(X,G,Q) =
∑
S∈S
χ(XS/G,Q)IS ,
where IS = [Q[G/H]] ∈ RQ(G) for H ∈ S.
Proof of 4.11. By the equality between χ and χc and the additivity of χc,
χ(X,G,Qℓ) =
∑
S∈S
χ(XS , G,Qℓ).
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Thus we may assume X = XS for some S ∈ S. By the additivity of χ again, we may assume
X/G is a normal connected scheme. For H ∈ S, by 4.10, XH is tamely ramified at infinity
over X/G. Then (4.1.1) gives
χ(X,NG(H),Qℓ) = χ(X/G)[Qℓ[NG(H)/H]].
As X = XH ∧
NG(H) G, we have
χ(X,G,Qℓ) = χ(X/G)[Qℓ[G/H]].
The following application of 4.11 is a generalization of a result of Petrie-Randall [PR86,
3.1] and of 3.4:
Corollary 4.13. Under the assumptions of 4.11, suppose that G is cyclic, generated by g.
Then, with the notations of 3.1,
t(g) = χ(XG).
Indeed, by (4.11.1) we have
t(g) =
∑
S∈S
χ(XS/G)Tr(g, IS).
Now, Tr(g, IS) = 0 unless S = {G}, in which case XS = X
G and Tr(g, IS) = 1.
5 The case of rigid cohomology
The results of this section will not be used in the sequel.
5.1. We use the notations of 1.1. We assume p > 1 and k algebraically closed. Following
[LS07, 8.2.4], we define a realization of X to be a sequence of immersions X
j
→֒ X →֒ P , where
j is an open immersion, X is a proper k-scheme and P is a formal scheme over W = W (k),
smooth in a neighborhood of X. We say X is realizable if such a realization exists. This is the
case if X is quasi-projective. Indeed, if X ⊂ Pnk , we can take X to be the closure of X in P
n
k
and P = P̂nW . Given a realization X →֒ X →֒ P , we can construct G-equivariant immersions
X →֒ X ′ =
∏
g∈G
X →֒
∏
g∈G
P
as in [Zhe09, 3.6]. Here G acts on the products by permutation of the factors. We obtain a
G-equivariant realization by taking the closure of X in X ′.
LetK be the fraction field ofW . ForX realizable, we denote byH∗c,rig the rigid cohomology
with compact support ofX/K in the sense of Berthelot ([Ber86, 3.1], [LS07, 8.2.5]). The action
of G on X defines, by functoriality, an action of G on H∗c,rig(X/K). As the category of K[G]-
modules is semisimple, this action turns the complex RΓc,rig(X/K) defining H
∗
c,rig(X/K) into
an object of Db(K[G]). Such a complex can also be defined directly as follows. Choose a
G-equivariant realization X →֒ X →֒ P . Then we have
RΓc,rig(X/K) = RΓ(]X[P , RΓ]X[P (Ω
•
]X[P
)).
29
By Berthelot’s finiteness theorem [Ber97, 3.9 (i)], this complex has finite-dimensional
cohomology groups, and, when X/k is proper and smooth, is isomorphic to RΓ(X/W )⊗LW K,
where RΓ(X/W ) ∈ Db(W [G]) is the complex calculating the crystalline cohomology of X/W
[Ber97, 1.9]. Recall that, for any proper and smooth k-scheme X, RΓ(X/W ) can be computed
by RΓ(X,WΩ•X), where WΩ
•
X is the de Rham-Witt complex of X/k [Ill79, I 1.15, II (2.8.2)],
which is a complex of G-W -modules on (the Zariski site of) X. Note that here the category
of W [G]-modules is no longer semisimple, and this complex can’t be recovered from the mere
datum of its cohomology groups, the W [G]-modules H i(X/W ).
One can’t expect in general that, if G acts freely, RΓc,rig(X/K) comes by extension of
scalars from a perfect complex of W [G]-modules. Indeed, if it were the case, the traces of p-
singular elements would be zero [Ser98, 16.2, Th. 36], and in the example given after (1.10.1),
the trace of s on H∗c,rig(X/K) can be shown to be equal to 1. We have, however, the following
results, which complement 3.3:
Theorem 5.2. Let X/k with the action of G be as in 1.2, with p > 1. With the notations of
5.1:
(a) If X is realizable, Tr(s,RΓc,rig(X/K)) :=
∑
(−1)i Tr(s,H ic,rig(X/K)) is equal to the
integer t(s) of 3.2 (i), for all s ∈ G.
(b) If X/k is proper and smooth, and G acts freely on X, then RΓ(X/W ) is a perfect
complex of W [G]-modules.
For the proof we need the following well known lemmas:
Lemma 5.3. Let X/k be a projective and smooth scheme, s a k-endomorphism of X, ℓ a
prime 6= p. Then we have an equality of rational integers:
(5.3.1) Tr(s,H∗(X/W )⊗K) = Tr(s,H∗(X,Qℓ)).
Proof. Indeed, if CH∗(X) is the Chow ring of X, the theory of cycle classes in ℓ-adic (resp.
crystalline) cohomology ([SGA 412 , Cycle], [Lau76]) (resp. [Gro85]) gives a homomorphism
CH∗(X) → H∗(X,Qℓ) (resp. CH
∗(X) → H∗(X/W )⊗K)), which is multiplicative and com-
patible with Gysin maps. This implies that both sides of (5.3.1) are equal to the intersection
number of the graph of s and the diagonal in X ×X.
Lemma 5.4. Let f : X → Y be a finite universal homeomorphism between k-schemes (resp.
realizable k-schemes) separated of finite type. Then the canonical homomorphism
RΓrig(Y/K)→ RΓrig(X/K), (resp. RΓc,rig(Y/K)→ RΓc,rig(X/K))
is an isomorphism.
Proof. If f is a bijective immersion, the assertions follow from the definitions. In the general
case, the diagonal morphism X → cosk0(X/Y )n is a bijective immersion. Thus the assertion
for RΓrig follows from cohomological descent for finite morphisms [Tsu03, 4.5.1]. For RΓrig,c,
we proceed by induction on dimY . For any closed subscheme V of Y , we have a distinguished
triangle [Ber86, 3.1]
RΓc,rig((Y − V )/K)→ RΓc,rig(Y/K)→ RΓc,rig(X/K)→ .
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Replacing Y by Yred and shrinking Y , we may thus assume Y quasi-projective, normal and
integral. Let Y be a normal projective compactification of Y . Factorize X → Y into a dense
open immersion and a finite morphism:
X →֒ X
f
−→ Y .
Then f is a universal homeomorphism. We are thus reduced to the case Y projective, where
the assertions for RΓc,rig and for RΓrig coincide.
Lemma 5.5. Let a < b be integers, C ∈ D[a,b](W [G]). Assume that the tor-amplitude of
C ⊗LW k ∈ D(k[G]) is contained in [a + 1, b]. Then the tor-amplitude of C is contained in
[a, b].
Proof. The short exact sequence
(5.5.1) 0→W
×p
−−→W → k → 0
is resolution of k by freeW -modules. LetM be a rightW [G]-module. ThenM⊗LW k ∈ D
[−1,0].
Moreover −⊗K[G] − is an exact bifunctor. Thus
(M ⊗LW [G] C)⊗
L
W k ≃ (M ⊗
L
W k)⊗
L
k[G] (C ⊗
L
W k) ∈ D
[a,b](k[G]),
(M ⊗LW [G] C)⊗W K ≃ (M ⊗W K)⊗K[G] (C ⊗W K) ∈ D
[a,b](K[G]).
Putting E =M ⊗LW [G] C for brevity, (5.5.1) induces the long exact sequence
Hq−1(E ⊗LW k)→ H
q(E)
×p
−−→ Hq(E)→ Hq(E ⊗LW k).
For q < a, Hq(E)
×p
−−→ Hq(E) is thus an isomorphism. Moreover, Hq(E) ⊗W K = 0. Thus
Hq(E) = 0.
We prove 5.2 (a) by induction on the dimension d of X, using de Jong’s Galois alterations,
as in [Vid04, 4.4] and [Zhe09, § 3]. The assertion is trivial for d = 0. Assume d ≥ 1. By 5.4,
we may assume X reduced. Using the inductive hypothesis and the additivity of traces on
H∗c,rig, we may replace X by a dense open G-invariant subscheme. Therefore we may assume
X smooth, affine. The connected components of X are permuted by s, and the trace of s is
the sum of the traces of s on the cohomology of those components which are stabilized by s.
So we may assume furthermore X integral. Choose a G-equivariant dense open embedding
j : X → Z, with Z/k a projective, integral G-scheme. By Gabber’s refinement of de Jong’s
results on equivariant alterations [Zhe09, 3.8] there exist the following data:
– a surjective homomorphism u : G′ → G of finite groups,
– a projective smooth, integral k-scheme Z ′ endowed with an action of G′, and a surjective
u-equivariant k-morphism a : Z ′ → Z,
– a G-stable dense open affine subscheme V of X,
satisfying the following property:
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– if H is the kernel of u : G′ → G, and V ′ = a−1(V ), a|V : V ′ → V factors into
V ′ → V ′/H → V,
where V ′ → V ′/H is an e´tale Galois cover of group H/H0, with H0 = H ∩ Ker(G
′ →
Aut(k(η′)) (η′ the generic point of X ′), and V ′/H → V is a finite and flat universal
homeomorphism.
The morphism a is sometimes called a Galois alteration. One may further assume that
Z ′ − a−1(X) is contained in a strict normal crossing divisor of Z ′. We don’t need this more
precise form.
By the inductive assumption, it suffices to show the assertion for (V,G). By 5.4, we may
replace (V,G) by (U,G), where U = V ′/H. We have
Tr(s,H∗c (U,Qℓ)) =
1
(H : H0)
∑
Tr(s′,H∗c (V
′,Qℓ)),
Tr(s,H∗c,rig(U/K)) =
1
(H : H0)
∑
Tr(s′,H∗c,rig(V
′/K)),
the sums being extended to the classes modulo H0 of elements s
′ ∈ G′ above s. We may
therefore replace (U,G) by (V ′, G′). By the inductive assumption, we may replace (V ′, G′) by
(Z ′, G′), and we conclude by 5.3.
By 5.5, to prove 5.2 (b), it is enough to show that RΓ(X/W )⊗LW k is a perfect complex
of k[G]-modules. We have, by [BO78, 7.1, 7.24],
RΓ(X/W )⊗LW k = RΓ(X/k) = RΓ(X,Ω
•
X/k) = RΓ(Y, π∗Ω
•
X/k)
in Db(k[G]), where Y = X/G and π : X → Y is the projection . As π is an e´tale Galois
cover of group G, π∗OX is, e´tale locally on Y , isomorphic to OY [G], in particular, is flat over
k[G]. The same is true of π∗Ω
i
X/k = π∗OX ⊗OY Ω
i
Y/k. For any right k[G]-module M , by the
projection formula,
M ⊗Lk[G] RΓ(Y, π∗Ω
i
X/k) ≃ RΓ(Y,M ⊗k[G] (π∗OX ⊗OY Ω
i
Y/k))
has cohomology concentrated in [0, d], where d = dim(X) = dim(Y ). Thus RΓ(Y, π∗Ω
i
X/k) is
a perfect complex of k[G]-modules. Filtering π∗Ω
•
X/k by the na¨ıve filtration, we get
GrRΓ(Y, π∗Ω
•
X/k) ≃
⊕
i∈Z
RΓ(Y, π∗Ω
i
X/k[−i]),
which implies that RΓ(X/k) is perfect over k[G] (even as a filtered complex [Ill71, V 3.1]).
Remark 5.6. (a) In the situation of 5.2 (a), assume X/k proper. Then, if G acts freely on X,
Tr(s,RΓc,rig(X/K)) = 0 for s ∈ G, s 6= 1. Indeed, tc(s) = 0 by the Lefschetz-Verdier trace
formula [SGA 5, III]. It seems that so far no general Lefschetz-Verdier formula is available in
rigid cohomology. For example, if u is a fixed point free endomorphism of X/k, we don’t know
whether Tr(u,RΓc,rig(X/K)) = 0. This vanishing holds at least in the smooth case (5.3).
(b) In the situation of 5.2 (a), it is unknown whether one has
Tr(s,H∗c,rig(X/K)) = Tr(s,H
∗
rig(X/K)),
even when G = {1}.
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6 Fixed point sets: around a theorem of P. Smith
The results in this section were suggested to the first author by Serre. They overlap with
parts of [Ser09, §§ 7, 8].
Proposition 6.1. [Ser09, 7.2] Let k be an algebraically closed field of characteristic p, ℓ a
prime number 6= p, and X an algebraic space separated and of finite type over k, equipped
with an action of an ℓ-group G. Then:
(6.1.1) χ(XG) ≡ χ(X) mod ℓ.
Proof. By additivity of χ, we may assume X separated. If G is an extension 0→ G1 → G→
G2 → 0, X
G1 is G-stable, G acts on it through G2, and X
G = (XG1)G2 . So by induction we
may assume that G is cyclic of order ℓ. Then G acts freely on U := X −XG, hence, by 3.3,
χ(U) = ℓχ(U/G), and (6.1.1) follows by additivity of χ. One could also deduce (6.1.1) from
4.13: t(g) = χ(XG) for all g 6= 1, and
∑
g∈G t(g) ≡ 0 mod ℓ.
As Serre observes in (loc. cit.), 6.1 implies that if χ(X) is not divisible by ℓ, then XG
is not empty. If X is the affine space Ank , we find χ(X
G) ≡ 1 mod ℓ. In this case, Smith’s
theory, as recalled in (loc. cit.) gives more.
6.2. Let k be an algebraically closed field of characteristic p, X an algebraic space separated
and of finite type over k, and let ℓ be a prime number, possibly equal to p. We say that X
is mod ℓ acyclic if H i(X,Fℓ) = 0 for i 6= 0 and H
0(X,Fℓ) = Fℓ. When ℓ is different from p,
by the finiteness of H∗(X,Zℓ) and the exact sequence of universal coefficients, X is mod ℓ
acyclic if and only if H i(X,Zℓ) = 0 for i 6= 0 and H
0(X,Zℓ) = Zℓ. When ℓ = p, if X/k is
proper, connected, and H i(X,O) = 0 for i > 0, then, by the Artin-Schreier exact sequence,
X is mod ℓ acyclic. The following (for schemes) is [Ser09, 7.5 b)]. This result and 6.9 below
(for schemes) were obtained independently by Morin [Mor08, Th. 2.46], assuming G = Fℓ,
ℓ 6= p and XG contained in an affine open subset. His method is similar to ours and is based
on a variant a` la Tate of equivariant cohomology.
Theorem 6.3. Let X/k and ℓ be as in 6.2. Assume that an ℓ-group G acts on X/k and that
X is mod ℓ acyclic. Then so is XG.
Here is a proof using equivariant cohomology, as in [Bor55]. By de´vissage, as in the proof of
6.1, we may assume that G is a cyclic group of order ℓ. If S/k is an algebraic space acted on by
G and F a G-Fℓ-sheaf on S, we denote by RΓG(S,F ) the complex RΓ([S/G], F ) (where [S/G]
is the associated Deligne-Mumford stack with its e´tale topology), which can be calculated as
RΓ(S•, F•), where S• = cosk0(S/[S/G]) is the simplicial algebraic space defined by the action
of G on S and F• the corresponding simplicial sheaf on S•. We have RΓ(S,F ) ∈ D
+(Fℓ[G])
and RΓG(S,F ) = RΓ(G,RΓ(S,F )). When F is the constant sheaf Fℓ, we write RΓG(S) for
RΓG(S,F ). The projection S → Spec k makes H
∗
G(S) = ⊕i≥0H
i
G(S) into a graded algebra
over the graded Fℓ-algebra
R = H∗G(Speck) = H
∗(G,Fℓ),
and H∗G(S,F ) into a graded module over R.
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6.3.1. Recall that when ℓ = 2, R is a polynomial algebra Fℓ[x] in one generator of degree 1,
and when ℓ > 2, R is the graded tensor product of the algebra of dual numbers Fℓ[x]/(x
2)
with x of degree 1 by a polynomial algebra Fℓ[y] with y of degree 2 [CE56, XII 7].
Let Y = XG, U = X−Y , u : U → X the inclusion. The (equivariant) short exact sequence
0→ u!FℓU → FℓX → FℓY → 0 gives a long exact sequence of equivariant cohomology
(6.3.2) · · · → H∗G(X,u!Fℓ)→ H
∗
G(X)→ H
∗
G(Y )→ H
∗+1
G (X,u!Fℓ)→ · · · ,
where H∗G = ⊕iH
i
G. This is an exact sequence of graded R-modules. Consider the commuta-
tive diagram (3.13.1). As G is cyclic of order ℓ, G acts freely on U , so (fU )∗FℓU is locally free
of rank one over Fℓ[G], hence RΓ(G, v!(fU)∗FℓU ) = v!(Fℓ)U/G. Therefore
(6.3.3) RΓ(G,RΓ(X,u!Fℓ)) = RΓ(G,RΓ(X/G, f∗u!Fℓ)) = RΓ(X/G,RΓ(G, f∗u!Fℓ))
= RΓ(X/G,RΓ(G, v!(fU )∗Fℓ)) = RΓ(X/G, v!Fℓ),
so that
H∗G(X,u!Fℓ) = H
∗(X/G, v!Fℓ)
is a graded module of bounded degree, as cdℓ(X/G) is finite by Lemma 6.4 below (whether
ℓ is different from p or not). As RΓ(X,Fℓ) = Fℓ, we have H
∗
G(X) = R. Therefore, in (6.3.2)
the map H∗G(X,u!FℓU )→ H
∗
G(X) vanishes, and (6.3.2) boils down to a short exact sequence
0→ H∗G(X)→ H
∗
G(Y )→ H
∗+1(X/G, v!Fℓ)→ 0,
which can be rewritten
(6.3.4) 0→ R→ R⊗Fℓ H
∗(Y )→ H∗+1(X/G, v!Fℓ)→ 0,
since, by Ku¨nneth’s formula for BG× Y ,
(6.3.5) H∗G(Y ) = H
∗
G ⊗Fℓ H
∗(Y ) = R⊗Fℓ H
∗(Y ).
By Lemma 6.5 below, this implies that H∗(Y ) is free of rank 1 over Fℓ, hence Y is mod ℓ
acyclic.
Lemma 6.4. Let X be a separated algebraic space of dimension d of finite type over k. Then
the ℓ-cohomological dimension cdℓX is at most 2d (resp. d) if ℓ 6= p (resp. ℓ = p).
We prove this lemma by induction on d. By Chow’s lemma [Knu71, IV.3.1], we can choose
X ′
π

U
.

j′
>>}}}}}}}}

 j
// X
where X ′ is a scheme, π is proper and is an isomorphism over a dense open subscheme U of
X. Let F be an ℓ-torsion sheaf on X. Considering the short exact sequence
0→ j!j
∗F → F → Q→ 0
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and applying the induction hypothesis to Q, it is enough to show that for any ℓ-torsion sheaf
G on U , we have
H i(X, j!G) = 0, i > 2d (resp. i > d).
Since π is proper, we have j!G ≃ Rπ∗j
′
!G, so we have H
i(X, j!G) = H
i(X ′, j′!G). Hence the
lemma follows from the scheme case, which is well-known [SGA 4, X 4.3] (resp. [SGA 4, X
5.2]).
Lemma 6.5. Let 0 → L → M → N → 0 be an exact sequence of graded R-modules, with L
and M free, and N of bounded degree. Then L and M have the same rank over R.
Indeed, if ℓ = 2 (resp. ℓ > 2), N ⊗R R[x
−1] = 0 (resp. N ⊗R R[y
−1] = 0).
Remark 6.6. For X and ℓ as in 6.2, X is mod ℓ acyclic if and only if∑
i
dimH i(X,Fℓ) = 1.
One can consider the analogous condition
(6.6.1)
∑
i
dimH ic(X,Fℓ) = 1.
If ℓ 6= p, (6.6.1) is equivalent to RΓc(X,Fℓ) ≃ Fℓ[−2d] and to RΓc(X,Zℓ) ≃ Zℓ[−2d], which
imply that X is irreducible. Here d = dimX. If ℓ 6= p and X is smooth over k, then (6.6.1)
is equivalent to X being mod ℓ acyclic by Poincare´ duality.
For an arbitrary ℓ, assume that an ℓ-group G acts on X. Using arguments similar to the
proof of 6.3, one can show that (6.6.1) implies
∑
i dimH
i
c(X
G,Fℓ) = 1. The case ℓ 6= p was
obtained by Symonds [Sym04, 4.3], using a different method based on the theorem of Rickard
mentioned in 3.12 (c).
Corollary 6.7. Let X and ℓ be as in 6.2. Assume that X is mod ℓ acyclic, and that X is
endowed with an action of a finite group G by k-automorphisms. Then X/G is mod ℓ acyclic.
Proof. Let f : X → Y = X/G be the projection. Let us first show
(6.7.1) (f∗Fℓ)
G ≃ Fℓ.
Let Y ′ → Y be an e´tale morphism of finite type. We have (f∗Fℓ)(Y ) ≃ F
π0(X′)
ℓ , where
X ′ = X ×Y Y
′. Since the projection X ′ → Y ′ identifies Y ′ with the quotient of X ′ by G,
(f∗Fℓ)
G(Y ′) ≃ F
π0(X′)/G
ℓ ≃ F
π0(Y ′)
ℓ ≃ Fℓ(Y
′).
(a) Case where G is an ℓ-group. If H is a normal subgroup of G, G acts on X/H through
G/H and X/G = (X/H)/(G/H). Therefore we may assume G cyclic of order ℓ. In this case,
by 6.3 the restriction map RΓ(X,Fℓ)→ RΓ(X
G,Fℓ) is an isomorphism, hence RΓ(X,u!Fℓ) =
0 with the notations of (6.3.2). Therefore, by (6.3.3) RΓ(X/G, v!Fℓ) = 0, hence the restriction
map RΓ(X/G,Fℓ)→ RΓ(X
G,Fℓ) is an isomorphism. Finally, by 6.3, RΓ(X
G,Fℓ) = Fℓ.
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(b) General case. Let L be an ℓ-Sylow subgroup of G. In order to relate H∗(X/G,Fℓ) to
H∗(X/L,Fℓ), we consider the commutative square
X ∧L G
h //
f ′

X ∧G G
f

X ∧L {1}
g
// X ∧G {1}
See 3.13 for the definition of the contracted products. Since h is a finite e´tale cover of fibers
isomorphic to G/L, hence of degree d = (G : L) prime to ℓ, the composition
(Fℓ)X → h∗(Fℓ)X∧LG → (Fℓ)X
of the adjunction map and the trace map is multiplication by d [SGA 4, IX 5.1.4]. Applying
f∗ and taking G-invariants, we see that the composition
(f∗(Fℓ)X)
G → (f∗h∗(Fℓ)X∧LG)
G → (f∗(Fℓ)X)
G
is again multiplication by d. Hence (Fℓ)X/G ≃ (f∗(Fℓ)X)
G (6.7.1) is a direct factor of
g∗(Fℓ)X/L ≃ g∗(f
′
∗(Fℓ)X∧LG)
G ≃ (f∗h∗(Fℓ)X∧LG)
G.
It follows that g induces an injection H∗(X/G,Fℓ) → H
∗(X/L,Fℓ) and therefore an isomor-
phism H∗(X/G,Fℓ) ≃ Fℓ by case (a) above.
There are many variants and generalizations of 6.3. Here are two of them.
Theorem 6.8. (cf. [Ser09, 7.5 a)]) Let X/k and ℓ be as in 6.2. Assume that an ℓ-group G
acts on X/k. Let N be an integer such that H i(X,Fℓ) = 0 for i > N . Then H
i(XG,Fℓ) = 0
for i > N .
We may assume G cyclic of order ℓ. Serre’s proof of 6.3 and 6.8 (loc. cit.) makes no use of
equivariant cohomology, but instead exploits the action of Fℓ[G] on f∗Fℓ, with the notations
above. It is also easy to prove 6.8 along the lines of the above proof of 6.3. Again, the key
point is that, by 6.4 applied to Y = XG, the restriction homomorphism
r : H∗G(X)→ H
∗
G(Y ) = R⊗Fℓ H
∗(Y )
(6.3.5) is a TN-isomorphism of graded R-modules (in the sense of [EGA II, 3.4]), i.e. there
exists an integer n0 such that rn : H
n
G(X)→ H
n
G(Y ) is an isomorphism for n ≥ n0. The source
and target of r are the abutments of spectral sequences
E(X):Eij2 = H
i(G,Hj(X))⇒ H i+jG (X),
E(Y ):Eij2 = H
i(G,Hj(Y ))⇒ H i+jG (Y ),
the second one being degenerate at E2, and r underlies a morphism of spectral sequences
E(X) → E(Y ). Take n ≥ sup(n0, N). Then H
n
G(X) = F
n−NHnG(X) (where F
• denotes
the filtration on the abutment). As rn is a filtered isomorphism, this implies that H
n
G(Y ) =
Fn−NHnG(Y ), and consequently that H
j(Y ) = 0 for N < j ≤ n.
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Theorem 6.9. Let k and ℓ be as in 6.2, G be an ℓ-group, f : X → X ′ be a G-equivariant
morphism of algebraic k-spaces which are separated of finite type. We denote by RΓ(X ′/X,Fℓ)
the complex defining the relative cohomology of X ′ modulo X. Assume that RΓ(X ′/X,Fℓ) ≃
Fℓ[−N ]. Then there exists M ≤ N such that ℓ(N −M) is even and RΓ(X
′G/XG,Fℓ) ≃
Fℓ[−M ].
Relative cohomology is defined in [Del74, 6.3] and more generally in [Ill71, III 4.10]. We
have an exact triangle
RΓ(X ′/X,Fℓ)→ RΓ(X
′,Fℓ)→ RΓ(X,Fℓ)→ .
Proof. We may assume that G is cyclic of order ℓ. Let u : X−XG →֒ X, u′ : X ′−X ′G →֒ X ′.
The first line of the 9-diagram
C //

RΓ(X ′/X) //

RΓ(X ′G/XG) //

RΓ(X ′, u′!Fℓ)
//

RΓ(X ′) //

RΓ(X ′G) //

RΓ(X,u!Fℓ) //

RΓ(X) //

RΓ(XG) //

gives rise to a long exact sequence
(6.9.1) · · · → H∗(G,C)→ H∗G(X
′/X)→ H∗G(X
′G/XG)→ H∗+1(G,C)→ · · · ,
where H∗G(X
′/X) = H∗(G,RΓ(X ′/X)), H∗G(X
′G/XG) = H∗(G,RΓ(X ′G/XG)). By (6.3.3)
and 6.4, H∗(G,C) is of bounded degree. We have a spectral sequence
E(X ′/X):Eij2 = H
i(G,Hj(X ′/X))⇒ H i+jG (X
′/X),
analogous to E(X), whose E2 term is concentrated on the horizontal line of degree N , and
therefore degenerates at E2, yielding isomorphisms E
i,N
2
∼
−→ H i+NG (X
′/X). As G can’t act
on Fℓ but trivially, we get H
∗
G(X
′/X) ≃ R ⊗ HN (X ′/X), i.e. H∗G(X
′/X) ≃ R(−N), where
(−) is the usual shift on graded modules. Then (6.9.1) boils down to an exact sequence
0→ R(−N)→ R⊗Fℓ H
∗(X ′G/XG)→ H∗+1(G,C)→ 0,
which shows that R ⊗ H∗(X ′G/XG) is (graded) free of rank one on R, and therefore that
H∗(X ′G/XG) is concentrated in one degree M ≤ N , and of dimension one over Fℓ. If ℓ > 2,
as the graded pieces of R with odd degrees are killed by x (6.3.1), N −M must be even.
Let Y be an algebraic subspace of X. We say the pair (X,Y ) is a mod ℓ cohomology
N -disk if RΓ(X/Y,Fℓ) ≃ Fℓ[−N ].
Corollary 6.10. Let X/k and ℓ be as in 6.2, G be an ℓ-group acting on X, Y be a G-
equivariant algebraic subspace of X. Assume that (X,Y ) is a mod ℓ cohomology N -disk for
some N ≥ 0. Then (XG, Y G) is a mod ℓ cohomology M -disk for some 0 ≤ M ≤ N with
ℓ(N −M) even.
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Let X be an algebraic k-space separated of finite type. We write
RΓ˜(X,Fℓ) = RΓ(Spec k/X,Fℓ)[1] ∈ D
≥−1.
It is a cone of the adjunction morphism Fℓ = RΓ(Speck,Fℓ)→ RΓ(X,Fℓ). We say that X is a
mod ℓ cohomology N -sphere if RΓ(X,Fℓ) ≃ Fℓ[−N ]. For N = −1 (resp. N = 0, resp. N ≥ 1),
X is a mod ℓ cohomology N -sphere if and only X is empty (resp. RΓ(X,Fℓ) ≃ Fℓ ⊕ Fℓ, resp.
H0(X,Fℓ) ≃ H
N (X,Fℓ) ≃ Fℓ and H
q(X,Fℓ) = 0 for q 6= 0, N). Applying 6.9 to the structure
morphism X → Speck, we obtain the following.
Corollary 6.11. Let X/k and ℓ be as in 6.2. Assume that an ℓ-group G acts on X and that
X is a mod ℓ cohomology N -sphere for some N ≥ −1. Then XG is a mod ℓ cohomology
M -sphere with −1 ≤M ≤ N and ℓ(N −M) even.
These corollaries are analogues of [Bre72, III 5.1, 5.2]. 6.11 is an analogue of the main
result in [Bor55].
7 A localization theorem
In this section we fix a prime number ℓ and an algebraically closed field k of characteristic p.
In the situation of 6.3, with G = Fℓ, the restriction map H
∗
G(X) → H
∗
G(X
G) induces
an isomorphism of graded R-algebras H∗G(X)[y
−1]
∼
−→ H∗G(X
G)[y−1] (resp. H∗G(X)[x
−1]
∼
−→
H∗G(X
G)[x−1]) for ℓ > 2 (resp. ℓ = 2). We give a generalization in this section.
7.1. Following Quillen’s terminology [Qui71, § 4], for r ∈ N, by an elementary abelian ℓ-group
of rank r we mean a group G isomorphic to the direct product of r cyclic groups of order ℓ,
i.e. the group underlying a vector space of dimension r over Fℓ (such groups are sometimes
called groups of type (ℓ, ℓ, . . . , ℓ)). Consider the short exact sequence
0→ Fℓ → Z/ℓ
2Z→ Fℓ → 0,
with trivial G actions. It induces an exact sequence
Hom(G,Fℓ)
∼
−→ Hom(G,Z/ℓ2Z)→ Hom(G,Fℓ)
β
−→ H2(G,Fℓ),
where we have identified H1(G,Fℓ) with Gˇ = Hom(G,Fℓ) by the natural isomorphism. It
follows that the Bockstein operator β is injective. Recall (loc. cit.) that we have a natural
identification of Fℓ-graded algebras
H∗(G,Fℓ) =
{
S(Gˇ) if ℓ = 2
Λ(Gˇ)⊗ S(βGˇ) if ℓ > 2
where S (resp. Λ) denotes a symmetric (resp. exterior) algebra over Fℓ. In particular, if
{x1, . . . , xr} is a basis of Gˇ over Fℓ, then
H∗(G,Fℓ) =
{
Fℓ[x1, . . . , xr] if ℓ = 2
Λ(x1, . . . , xr)⊗ Fℓ[y1, . . . , yr] if ℓ > 2
where yi = βxi.
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We put VG = Spec(S(βGˇ)). It is an affine space of dimension r over Fℓ. For any subgroup
H of G, the surjection Gˇ → Hˇ induces a closed immersion VH →֒ VG. For f ∈ S(βGˇ), we
denote by VG(f) the closed subset of VG defined by f . Then
VH =
⋂
x∈Ker(Gˇ→Hˇ)
VG(βx).
For any S(βGˇ)-moduleM , we denote by SuppG(M) ⊂ VG the support ofM and by SuppG(M)
the Zariski closure of SuppG(M).
The following is an analogue of the localization theorem of Borel-Atiyah-Segal for actions
of tori [GKM98, 6.2]. As in 3.13, for any algebraic space X separated of finite type over k,
endowed with an action of G, and any subgroup H of G, we put XH = X
H−
⋃
H′ X
H′ , where
H ′ runs over subgroups of G strictly containing H. Since G is abelian, G acts on XH and
XH . As in 6.2 we do not assume ℓ invertible in k.
Theorem 7.2. Let G be an elementary abelian ℓ-group G, Y → X be a G-equivariant closed
immersion between algebraic spaces separated and of finite type over k. Let j : U = X −
Y →֒ X be the complementary open immersion, H be the set of subgroups H of G such that
RΓ(X/G, vH!Fℓ) 6= 0, vH : UH/G →֒ X/G is the inclusion. Let T =
⋃
H∈H VH ⊂ VG.
(a) We have
SuppG(H
∗
G(X, j!FℓU)) = T.
(b) If T 6= V{0}, then
SuppG(H
2∗
G (X, j!FℓU )) = T.
(c) For any e ∈ S(βGˇ) such that VG(e) ⊃ T , the restriction map H
∗
G(X,Fℓ) → H
∗
G(Y,Fℓ)
induces an isomorphism
H∗G(X,Fℓ)[e
−1]
∼
−→ H∗G(Y,Fℓ)[e
−1]
of graded H∗(G,Fℓ)[e
−1]-algebras.
Note that H is a subset of the set H′ of subgroups H of G such that UH 6= ∅. For any
maximal element H of H′, UH = U
H is closed in U . Therefore, if Y = ∅, then H and H′ have
the same maximal elements, so that T =
⋃
H∈H′ VH .
Proof. By the long exact sequence of equivariant cohomology
(7.2.1) · · · → H∗G(X, j!FℓU )→ H
∗
G(X)→ H
∗
G(Y )→ · · · ,
(c) is equivalent to saying
H∗G(X, j!FℓU)[e
−1] = 0,
which is a consequence of (a).
For every subgroup H of G, we denote by jH : UH →֒ X the immersion. We will show the
following.
(a’)
SuppG(H
∗
G(X, jH!(Fℓ)UH )) =
{
VH if H ∈ H,
∅ if H 6∈ H.
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(b’) For H ∈ H satisfying H 6= {0}, we have
SuppG(H
2∗
G (X, jH!(Fℓ)UH )) = VH .
Let us first prove that (a’) and (b’) imply (a) and (b). Note that j!(FℓU ) is a successive
extension of jH!(Fℓ)UH , H running through subgroups H of G. Thus (a’) implies
(7.2.2) SuppG(H
∗
G(X, j!FℓU)) ⊂
⋃
H
SuppG(H
∗
G(X, jH!Fℓ)) = T.
For any H, we denote by pH the generic point of VH , considered as a prime ideal of S(βGˇ).
The generic points of T are pH , H running through maximal elements of H. For any such H,
(a’) implies
H∗G(X, jH′!Fℓ)pH = 0
for all H ′ 6= H. Thus
H∗G(X, j!FℓU)pH ≃ H
∗
G(X, jH!Fℓ)pH 6= 0.
In other words, SuppG(H
∗
G(X, j!FℓU)) contains all generic points of T . Combing this with
(7.2.2), we obtain (a). If T 6= V{0}, the origin of VG is not a generic point of T . Then,
as above, one deduces from (b’) that SuppG(H
2∗
G (X, j!FℓU)) contains all generic points of T ,
which proves (b).
To show (a’) and (b’), choose a subgroup H ′ of G such that G = H ⊕H ′ and consider the
Cartesian square
UH
u //
f ′

XH
f

UH/H
′ v // XH/H ′
We have H∗(G) ≃ H∗(H)⊗Fℓ H
∗(H ′) and isomorphisms of H∗(G)-modules
(7.2.3) H∗G(X, jH!Fℓ) = H
∗
G(X
H , u!Fℓ) ≃ H
∗(H)⊗Fℓ H
∗
H′(X
H , u!Fℓ).
Here Fℓ = (Fℓ)UH . Since f
′ is a Galois e´tale cover of group H ′, we have
(7.2.4)
RΓH′(X
H , u!Fℓ) ≃ RΓH′(X
H/H ′, f∗u!Fℓ)) ≃ RΓ(X
H/H ′, RΓ(H ′, v!f
′
∗Fℓ)) ≃ RΓ(X
H/H ′, v!Fℓ).
As cdℓ(X
H/H ′) is finite (6.4), it follows that H∗H′(X
H , u!Fℓ) is of bounded degree. Thus, for
every y ∈ H ′∨,
H∗H′(X
H , u!Fℓ)[(βy)
−1] = 0.
It follows that
SuppH′(H
∗
H′(X
H , u!Fℓ)) =
{
V{0} if H ∈ H,
∅ if H 6∈ H,
which implies (a’) by 7.3 (a) below applied to the projection VG → VH′ . Now let H be a
nonzero element of H. For nonzero elements x ∈ Hˇ and α ∈ H iH′(X
H , u!Fℓ), 1⊗α and x⊗ α
in the right-hand side of (7.2.3) generate free sub-S(βHˇ)-modules of rank 1 ofH2∗+iG (X, jH!Fℓ)
and H2∗+i+1G (X, jH!Fℓ), respectively. Thus
SuppH(H
2∗
G (X, jH!Fℓ)) = VH .
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Since SuppG(H
2∗
G (X, jH!Fℓ)) ⊂ VH by (a’), this implies (b’) by 7.3 (b) applied to the projection
VG → VH .
Lemma 7.3. Let f : Y → Z be a morphism of schemes.
(a) Assume f is flat. Then for any quasi-coherent sheaf G on Z, Supp(f∗G) = f−1(Supp(G)).
(b) Assume f is affine. Let F be a quasi-coherent sheaf F on Y of support contained in a
subscheme Y0 of Y such that f |Y0 : Y0 → Z is universally closed. Then Supp(f∗F) =
f(Supp(F)).
Proof. (a) For any point y of Y , since OY,y is faithfully flat over OZ,f(y),
x ∈ Supp(f∗G)⇐⇒ Gf(y) ⊗OZ,f(y) OY,y = (f
∗G)y 6= 0⇐⇒ Gf(y) 6= 0⇐⇒ f(y) ∈ Supp(G).
(b) We may assume Y = Spec(A), Z = Spec(B). Let q ∈ Spec(B). Then q ∈ Supp(f∗F),
i.e. F ⊗B Bq 6= 0, if and only if (F ⊗B Bq)p 6= 0 for some maximal ideal p of A ⊗B Bq. By
assumption, for any such p, (f⊗BBq)(p) is the closed point q of Spec(Bq). Thus q ∈ Supp(f∗F)
if and only if Fp 6= 0 for some p ∈ f
−1(q), i.e. q ∈ f(Supp(F)).
Applying 7.2 (c) to j : X − XG →֒ X, we obtain the following analogue of Quillen’s
localization theorem [Qui71, 4.2].
Corollary 7.4. Let X be an algebraic space separated and of finite type over k, endowed
with an action of an elementary abelian ℓ-group G of rank r. Let e =
∏
x∈Gˇ−{0} βx ∈
H2(ℓ
r−1)(G,Fℓ). Then the restriction map H
∗
G(X,Fℓ)→ H
∗
G(X
G,Fℓ) induces an isomorphism
H∗G(X,Fℓ)[e
−1]
∼
−→ H∗G(X
G,Fℓ)[e
−1]
of graded H∗(G,Fℓ)[e
−1]-algebras.
Remark 7.5. (a) In 7.2, if T = V{0}, it may happen that H
2∗
G (X, j!FℓU) = 0. In fact, if
G = {1}, X is mod ℓ acyclic (6.2), and Y is the disjoint union of n rational points, then
RΓ(X, j!FℓU) = F
n−1
ℓ [−1].
(b) In the situation of 7.4, assume G has rank 1. Since H∗G(X, j!Fℓ) is of bounded degree,
(7.2.1) implies that the map
ρ : H∗G(X)→ H
∗
G ⊗H
0(XG),
defined by the restriction H∗G(X) → H
∗
G(X
G) = H∗G ⊗ H
∗(XG) (6.3.5) composed with the
projection onto H∗G ⊗ H
0(XG), has the following property: there exists an integer N such
that, for any element z ∈ Ker ρ (resp. z ∈ H∗G ⊗H
0(XG)) of positive degree, zN = 0 (resp.
zN ∈ Im ρ). In a future paper [IZ11], we will discuss a generalization of this fact, analogous
to Quillen’s theorem [Qui71, 6.2].
(c) In the situation of 7.2, assume ℓ 6= p. Then (7.2.3) and (7.2.4) imply that H∗G(X, jH!Fℓ)
is a finitely generated S(βGˇ)-module, because H∗(XH/H ′, v!Fℓ) is a finite-dimensional vector
space (cf. 2.17). It follows that H∗G(X, j!FℓU ) is a finitely generated S(βGˇ)-module and
SuppG(H
∗
G(X, j!FℓU)) = SuppG(H
∗
G(X, j!FℓU)).
In the future paper, we will prove a finiteness result for more general groups G, analogous to
Quillen’s finiteness theorem [Qui71, 2.1].
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